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PREFACE. 

The following account of the phenomena of Sound and 
of the theory connecting them together forms one part 
only of a Text-Book of Physics which the authors are 
preparing. The Text-Book is intended chiefly for the 
use of students who lay most stress on the study of the 
experimental part of Physics, and who have not yet 
reached the stage at which the reading of advanced 
treatises on special subjects is desirable. To bring the 
subject within the compass thus prescribed, an account 
is given only of phenomena which are of special import- 
ance, or which appear to throw light on other branches 
of Physics, and the mathematical methods adopted are 
very elementary. The student who possesses a knowledge 
of advanced mathematical methods, and who knows how 
to use them, will, no doubt, be able to work out and 
remember most easily a theory which uses such methods. 
But at present a large number of earnest students of 
Physics are not so equipped, and the authors aim at giving 
an account of the subject which will be useful to students 
of this class. 

Even for the reader who is mathematically trained, 
there is some advantage in the study of elementary 
methods, compensating for their cumbrous form. They 
bring before us more evidently the points at which the 
various assumptions are made, and they render more 
prominent the conditions under which the theory holds 
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good. For such readers the authors hope that this 
work may aflFord a fitting introduction to more advanced 
treatises, and especially to Helmholtz's great work, The 
Sensations of Tone^ which deals chiefly with the physio- 
logical aspect of Sound, and to Lord Rayleigh's Theory 
of Sound, at once the most systematic, original, and 
complete work on the subject. 

January 1899. 



PKEFACE TO SECOND EDITION. 

It is with much satisfaction that we find a new 
edition of this work is called for within about 
twelve months of the issue of the first large edition. 
Opportunity has been taken to make a few minor 
corrections. 



April 1900. 
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CHAPTER I. 

THE NATURE OP SOUND AND ITS CHIEF 

OHARAOTERISTIOS. 

Contents. — Ori^ii of Sound and Sound- ^V'ave8 — Characteristics of M''aves — 
Characteristics of Sounds — Loudness — Pitch — Quality — Sound- Wave* 
are Longitudinal — Noise. 

The sensation which we receive through the ear, and the external 
ilisturbance which arouses that sensation when it reaches the ear, 
are both denoted in common language as sound. In pliysics we 
are concerned with the external disturbance, and our aim is to 
investigate the conditions under which it arises, the mode in 
which it is propagated from its source, and the variations in the 
nature of tne disturbance which correspond to the difterences in 
the sensations we experience. 

Sound arises in general from Vibrating Sources. — An 

examination of the mode of sounding any musical instrument in 
which the sounding parts consist of strings, rods, or bars, shows 
that these are always struck or pulled in such a way that they are 
set in vibration. Usually the vibration is so frequent that we 
cannot follow the motion to and fro, though it may be so wide 
in extent that the outline of the vibrating body is visibly altered. 
More generally, when any body, whether designed as a musical 
instrument or not, is set in vibration, if the vibrations are regular 
and of sufficient frequency and extent, a musical note is heard. 
Instances, such as a tumbler or a gas globe, will occur to the 
reader. 

A Vibrating Source gives rise to Waves in the sur- 
rounding Air. — Let us imagine a round, flat, metal plate hung 
up by strings (Fig. 1, a) passing through holes bored at a suitable 
distance — about 0'68 of the radius is the best — from the centre. 
When struck at the centre, it vibrates between the positions shown 
by the dotted lines in Fig. 1, 6, the central part always moving 
to and fro in the opposite direction to the rim, and the circle 
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through the suspending holes being at rest. Considering only the 
central portion, we can see how its vibrations will affect the air. 
A9 the plate moves forward it pushes against the layer of air 
in front of it, compresses it, and drives it against the next layer. 
This next layer is tnen compressed and pushed forward against the 
next, and so on, the push being transmitted on through the air. 
When the plate has reached the limit of its forward excursion 
it returns, and the air follows it, expanding into the space vacated 
by the plate. This relief of pressure has tne same effect as a pull, 
and therefore we may think 01 the plate as now pulling at the layer 
of air in front of it. As this layer moves backwards it lessens 
the pressure against the next layer, which also moves backwards, 
and so on. Thus, the extension or pull of the air is transmitted 
forwards after the push. When the plate makes another forward 
motion, another push is sent out, to be followed, when the plate 





a Front View 



b. Side View 



FlQ. 1. 



. Vibrating Plate hung up by strings through points 

0*68 radius from the centre. 
6. Dotted lines showing the mode of vibration when 
struck at the centre. 



returns, by another pull. These pushes and pulls, or compressions 
and extensions, with the necessary to-and-fro motions, constitute 
air- waves, each complete wave consisting of a push and a pull. 
To obtain a clear notion of the movement of the layers of air 
during the propagation of the waves, the reader should construct 
a Crova'^s disc like that represented in Fig. 2. Eight or ten equi- 
distant points are taken on a small circle at the centre of a large 
card, and from these points, taken as centres in regular succession, 
circles are drawn, with radii increasing successively by a constant 
amount greater than the distance between the successive centres. 
Fifteen or twenty circles may be thus drawn, and if the card is 
rotated about its centre, the motion of the curved lines on one 
side of the centre will represent the to-and-fro motion of the 
layers of air, as this would appear if we could suppose the air 
visible and watched by an observer on one side of the line of 
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propagation. If the c-ii-clcs arc drawn on a small scale and nearly 
up to the centre, as in Fig. 2, it is better to cover up the card 
with a second fixed canl having a slit cut in it, sajf of the width 
shown by the dotted lines, so that the curved lines are only seen 
through this slit and their curvature is less evident. , But with 
a lai^ disc this js quite needless. 

We shall now briefly consider the evidence whit^ leads us 
to believe that the waves arising from the vibrating source con- 
stitute sound. 



Tbe Obaracteristics of Waves.— I'he characteristics of the 
transmission of disturbance in the fomi of waves are : — 

1. The disturbance takes time to travel from one point to 
another. 

S. A material medium to be disturbed is necessary. 

3. On meeting an obstacle the waves are reflected back, and 
the angles of iocidence and reflection are equal, 

4. The course of the waves is changed, i.t. thev are refracted 
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when they pass from one medium into another in which the rate 
of travel is difterent. 

5. ITiere are a series of phenomena grouped together under 
the terms Interference and Diffraction which can oe shown to 
result from the alternating nature of the disturbance brought to 
any point by the waves. 

The waves with which we are most familiar are those on the 
surface of water, and we may easily observe in them all the 
characteristics just described. It is obviously true that they take 
time to travel, and that the disturbance is in the medium — ^the 
water — through which they travel. The reflection of water-waves 
may be well seen on a reservoir when the waves come up against 
a straight wall. A little attention may be needed to separate the 
reflected from the incident waves, but with practice the two series 
will be seen quite distinctly travelling at equal inclinations on 
the two sides of the normal. 
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Shore Li'n^ 

Fia. 3. — Refraction of Waves on a Sloping Shore. 

Refraction occurs whenever water-waves travel obliquely towards 
a gradually sloping shore. The waves as they roll in become more 
and more nearly parallel to the shore. This may be observed on 
a large scale in the waves of the sea breaking on a sloping sandy 
shore, and on a small scale in the ripples on a pool. The ex- 
planation is to be found in the fact that as the depth decreases 
the rate of travel also decreases. For let AB, Fig. 3, represent 
the margin of the water surfkce, the depth gradually increasing' 
outwards. Let CD represent a wave in deep water at a certain 
instant, and let the depth at C begin to diminish so as to lessen 
the speed of the wave. The part of the wave towards D is still 
in deep water, and so its speed is unchanged. A short time later, 
when C has reached C, D has travelled a greater distance to I)', 
and so the wave has swung round. D' now begins to travel more 
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slowly, but C, l>cing in shallower water, travels more slowly still, 
so that while D' travels to D", C only travels to C", and the wave 
swings round still more, and ultimately it may come in practically 
parallel to the shore-line AB. 

Examples of interference of water-waves are not quite so easily 
iletected, out one case may sometimes be seen wlien i-eflection is 
occurring at oblique incidence against a vertical wall. The water 
near the wall has a peculiar lumpy appearance, the lumps rising 
and falling several times in succession at nearly the same points. 
This appeamnce may be explained by the superposition antl inter- 
ference with each otliier of the incident and reflected waves. 

It is easy and very interesting to study some of the character- 
istics of waves in the case of ripples in a shallow water-trough. 
Instead of looking at the ripples directly, we may illuminate the 
surface by a bright light — sunlight is most effective — and watch 
the ripples in the reflection on a suitably placed screen. Re- 
flection may be obtained from bodies of variously shaped edges 
])laced in the trough, and refraction may be shown by placing at 
the bottom of the trough bodies of lenticular or other shapes, 
i-educing the depth from, say, 2 inches to i inch, the velocity of 
ripple-propagation being reduced at the same time. 

Turning now to sound, we shall see that all the general charac- 
teristics of waves may be re<iognised as — 

Characteristics of Sound. — 1. Sound takes time to travel — 
We can often detect an interval l)etween the sight and sound of 
some event. We see the puff of smoke from a gun before we 
hear the report if the gun is at a distance, or we see the steam 
rising from the whistle of an engine before we hear the sound, and 
the sound continues after the steam is shut off. Still more striking 
is the interval between the flash of lightning and the thunder to 
which the lightning gives rise. In the next chapter we shall see 
that direct measures of the velocity of sound show that for a 
^iven state of the air it is constant, and that this constant value 
is the same as the velocity with which air-waves should travel as 
calculated on mechanical principles. 

2. Sound travels through air or some material medium. — If an 
electric bell is suspended within the receiver of an air-pump and 
set ringing, the sound gradually decreases as the air is exhausted, 
and Anally becomes inaudible, the material connection between 
the bell and the observer being insufficient to transmit a sensible 
ilisturbance. On re-admitting the air, the l)ell is heaixl again. 

But sound may travel through media other than air. A watch 
placed on one end of a table may be heard ticking most distinctly 
on ]:)lacing the ear against the other end of the table, the souncl 
travelling through the wood of the table ; or if the observer 
holds the watch in his teeth, he hears the ticking loudly through 
the teeth and the bones of the skull. The drum telephone, which 
consists of a couple of drum-heads with a tight string or wire 
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connecting the centres of the two drums, is another instance of 
sound-propagation through a solid medium. The sound, passing 
through the air, strikes one drum, is conveyed from it along the 
string, and is finally yielded up to the air by the other drum. 

Sound may easily he heard through water. If, for instance, the 
head is placed under water in a bath, the sound made by striking 
the side of the bath is perfectly audible. 

3. Sound is reflected. — An echo is simply a case of sound- 
reflection, and whenever we hear one we find some surface to 
which we may ascribe the reflection. On a small scale we may 
reflect sound by holding a watch in front of a large concave mirror. 
In accordance with the law of equality of the angles of incidence 
and reflection, the light from a source, S, Fig. 4, is gathered 
together after reflection at or near another point, S'. If the watch 
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Fio. 4.— Reflection of Sound by a Concare Mirror. 8, S', conjugate foci 

F, principal focus. 

is plac*ed at S, its ticking is heard most loudly when the ear is 
))laced at S', or, better still, when a funnel with a tube leading to 
the ear is placed at S'. If the watch is placed at F, the principal 
focus of the mirror, whence light would be reflected as a parallel 
beam, the sound of the ticking may be thrown across a large room. 
4. Sotind is refracted when passing from one medium into 
another in zchich its speed is different, — Sondhauss devised a sound 
lens consisting of a collodion balloon of lenticular shape filled with 
carbonic acid. Since sound travels more slowly in this gas than in 
air, the sound proceeding from a point at some distance on one 
side of the balloon and on its axis should be concentrated at a 
point at a certain distance on the axis on the other side, just as 
light would l)e concentrated by a glass lens, and Sondhauss verifietl 
the existence of this concentration. Fig. 5 represents the mwle in 
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which this is exj^Iained on the suppusition that the sound consists 
of waves. The waves diverge from the source S, and on entering 
the lens travel more slowly. But as the central parts i-each the 
lens first, they are delayed uiore than the edges, and therefore the 
waves become flattened. On emergence they travel more quicklv 
again, and the edges emerging first gain on the central part, and 
so give the waves an opposite curvature which concentrates them 
on the point S'. 

Tyndall • descrihes a very interesting experiment, in which the 
lens is a soap-bubble filled with niti-ous oxide, the source a con- 
certina recti, and the receiver a sensitive Hanie. 
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rio. G. — WaTsa Concentnitad hy a Ltni, in which the; tr 

n«a of the linea roughl; reprsaanta tha inCoruity of I! 
lOirefraoliioimiaii. 1-27; S S'= l/=H. 

Other phenomena ea>ily explained as cases of sound refraction 
will be described in Chapter II. 

5. Sound exhibits inter/c-rence. — We shall here merely mention 
one illustration of this, the well-known "beating" of two notes 
nearly, but not quite, in unison, leaving further description till ne 
discuss the subject more fully in Chapter X. 

Since, then, sound arises from vibrating bodies which must 
give rise to waves in the surroimding matter, and since sound 
exhibits all the characteristics of waves, we can come only to the 
conclusion that soimd consists of waves. 

The Three Oharacteristics of oar Sensatiosa of Sound 

> Soand, 4Lh ed. p. S6S. 
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and their Physical Correspondents.— Our sound sensations 

diflfer from one another in the three respects of LOUDNESS, PiTCH, 
and QuALrrY, and in no other respects. We may, without 
any detailed examination, assign to each of these its physical 
correspondent. 

Loudness. — When sound is arising from a given source, both 
observation and experiment show that the greater the extent of 
vibration, and the greater, therefore, the issuing waves, the louder 
is the sound. The waves are not longer, but larger in the sense 
that the to-and-fro motion of the transmitting particles of the 
medium is greater. Half the length of the total swing of a 
particle, as a wave passes through it, is termed its amplitude; 
hence we may say that the loudness of a sound depends upon and 
increases with the amplitude of the waves to which it coiTcsponds. 

Up to the present time no simple and satisfactory method of 
measuring lounness has been devised, since it has never been of 
practical importance to obtain a measure. We pay much more 
attention to the quality than to -the loudness of a given sound. 
If, for instance, we can hear a speaker perfectly clearly and with- 
out effoii, we nev^r think of the loudness of his voice, unless it be- 
comes painfully loud. Indeed, there is no doubt that when we do 
seek to compare loudness in different cases, we make quite false 
judgments. Most people suppose that a peal of thunder from 
lightning within a mile or so is exceedingly loud; yet it may 
be entirely lost in the sound of street traffic in a town. 

Prolmbly if sources of sound like fog-sirens, in which loud- 
ness is the chief aim, should come into common use, modes of 
measuring loudness would be speedily devised, corresponding to 
the modes of measuring the brightness of sources of light. 

Pitch. — By difference of pitch we mean the difference which 
exists between the different notes, say a treble and a bass note, on 
the same musical instrument. The former is described as higher 
in pitch than the latter. Many sounds have no definite pitch. 
The report of a gun, a peal of thunder, the roar of street traffic, 
are merely noises in which we may sometimes have some slight 
sense of higher or lower, but yet we cannot describe them by anv 
particular note. Every musical sound, however, has a definite 
pitch, and we may have the same note j)roduced in a variety of 
ways, as by the voice, by a piano-string, by the air in an organ- 
pipe, by the finger-nail run over a piece of ribbed silk, or even by 
a jet of water falling on a stone. In all these cases there is some 
source sending out regular waves, and it is easy to show by experi- 
ment that the pitch of the note heard corresponds to the number 
of waves reaching the ear per second, that is, to the firequency of 
the sound, the same pitch always corresponding to the same 
fretjuency, whatever the source. An apparatus devised for this 
purpose, a modification of the Cardboard Siren, is shown in Fig. 6. 

D is a caixlboard or metal disc mounted on a spindle, and pro- 
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vided with, aavi four concentric rows of cquidi.stant holes. On 
the same spindle are four toothed wheels, W, one for each cu-cle of 
lioles, and having as inanv teeth as there are holes in its corre- 
sjwnding cii-cle. The spindle can be rapidly rotated by a belt or 
cord gearing it with a large wheel, which may he turned by hand. 
A stream erf air is blown fi-om a nozzle, T, against one of the 
circles of holes, and every time a hole passes under the nozzle, a 
puff of air issues through the card and gives rise to a wave. If 
the disc is uniformly tumetl, the waves are regular and a definite 
note is heard. If a thin canl, C, is lightly pressed a^inst the 
corresponding toothed wheel, it is lifted up and let fall by each 
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Fig. S,— Cardbonnl Siroii wid TouUiad Wheel*, to sliow that pitch d 
pendaoti frequency. W, wheals rwpeotively limrinK teetb equal in niiml> 
to hulea in circles o[ disc D ; C. cnrd liald nguinit teeth ; T, tuiio tlirou) 
whicb air it blowD against tlie tioles. 



tooth in turn, and so gives rise to waves the same in frequency as 
the disc, and tbs note heard is the same in pitch, however different 
in quality. If the ayteed of rotation is varied as it rises, the 
not« rises with it, showing that higher pitch acconip»iiies greater 
frequency. 

If thers are four rows of holes and four wheels, it is usual to 
make the numbers in the ratios 4: .5 : 6: 8. The last has, there- 
fore, for a given speed, always double the frequency of the first. 
It is found that it always gives the octave at the same speed, 
whatever this may be; or if one note has double the frequency 
of another, it is the octave of that other. 
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The notes given by the fii*st and second rows always form the 
interval of a major third, and those of the first and third that 
of a fifth. These are special cases of the general truth that the 
frequencies of the two notes forming a given musical interval 
always bear the same ratio to each other from whatever part of 
the scale they are taken. 

Quality. — The quality of a sound is that which distinguishes it 
from another sound of the same pitch proceeding from a different 
source. We may hear the same note sung and sounded on the 
piano, but there is no possibility of mistaking the one sound for 
the other, so entirely different is their quality. There is no doubt 
that the difference in quality corresponds to a difference in the 
form of the waves reaching tne ear. We shall now consider how 
the waves may have different forms while still of the same length 
and frequency. 

There are two types of simple waves, in which the disturbances 
or alternating motions of the particles are respectively perpendicular 
to and in the direction of the line in which tne waves are travelling. 
Let waves be passing from A to B, Fig. 7, and let I^ Lg Lj . . . 
be sections of succesive layers of the transmitting medium. Then 
in the fii-st type the motion of these layers will be up and down or 
sideways, transvei-se to the direction AB, and the waves are termed 
transverse waves. In the second type, each layer moves to and 
fro parallel to A B and the waves are termed longitudinal waves. 
An example of a transverse wave is given by a long coi"d or rope 
fixed at one end and held in the hand at the other. On moving 
the hand sharply, transversely to the i-ojie, a wave is transmitted 
along it, disturbing each particle transversely. 

Waves on the surface of water are compounds of transvei'se 
and longitudinal motion, for a floating particle both rises up and 
down and moves to and fro. If the waves are made in a shallow 
trough in which there are particles of dust at the bottom, these 

E articles will be seen to move to and fro, showing 'that at the 
ottom the waves are longitudinal. 

A study of the mechanism of wave-transmission shows us that 
Sound-Waves in Air are Longitudinal.— For suppose that the 
layer of air Lj, Fig. 7, is moving up and down transversely to AB. 
Consider its upward motion. It only tends to move Lg up while 
it is moving past it, the only force exerted being that of viscosity, 
which gi'adually brings L^ and Lg relatively to rest and then ceases. 
While Lj shares in this way its momentum with Lg and so 
transmits some energy to it, there is, on the whole, a loss of 
energy, for the transmission from a quickly to a slowly moving 
body implies such loss. We may compare this with the case of 
impact with co-efficient of restitution zero, where the two bodies 
only act on each other till they have a common velocity, and where 
there is always loss of energy. The layer Lg will tend to move L3 
up and transmit momentum to it, but again with a loss of energy. 
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and so on. When L, moves clown again, it tends to drag the 
succeeding layers down ; but there is again loss of energj' in the 
transmission of the momentum, and tne losa is so great, that 
though a transverse wave may be stai-ted in air, tlie disturbance 
will not penetrate very far. There is not the slightest experi- 
mental evidence for a rapid dissipation of enei'gy in sound-waves, 
so that we must exclude the supposition that they are transvei'se. 

Now suppose tliat l,^ is moving to and fro parallel to AB. 
As it moves forward against Lj it transmits momentum, and 
therefore enei;gv, to it ; and as long as Lj is moving more rapidly 
forwai-d than %., there is a diminution of kinetic energy in the 
process. This is now not dissipated, but transfomiea to the 



L, is ij i» 

V- _^^ 



jMtential energy of compression; and when I^ and L« have come 
relatively to rest, there is the increased pressure between the two 
readv to produce relative motion and restore the kinetic energy 
in tfie return journey. L, moves forward against L, and shai-es 
momentum and energv witli it, and so on. Then when Lj moves 
back, Lj follows it, L, follows Lj, and so on ; and a ivave of 
to-and-fro motion is propagated onwards. 

It may be pointed out that in a solid medium transvei'se 
waves can he propagated without loss of energy, for the kinetic 
energy which disappears as two successive layers come relatively 
to rest, takes the form of potential sheer energy, which reappears 
as kinetic in the return journey. 
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Displacement Diagram for Longitudinal Waves. — ^There is 

a most valuable graphic method of representing air-waves which 
readily enables us to realise the state of affairs in different parts 

of a wave. 

Let AB, Fig. 8, be the direction of pro- 
pagation of the ^-aves, and let C, D, E, F, 
G ... be the original undisturbed posi- 
tion of certain particles in this line. At 
a particular instant, when the waves arc 
passing, let these particles occupy the posi- 
tions C, fZ, r, ^'J G, A, A: . . . From each 
point originally occupied by a particle draw 
a perpendicular to AB in the plane of 
the |)aper, and proportional to the dis- 
placement of that particle, above AB if 
the dis])lacemcnt is forward, and below it 
if backward. ITius DP, EQ, FR are drawn 
upwards respectively proportional to Drf, 
Ee, Ff, while HS, KT, and LV are drawn 
downwards respectively proportional to HA, 
KAr, LZ. The points CGM being in their 
original positions, the perpendiculars are 
there zero. If the construction is carried 
out for every point in AB, the ends 
of the j)erpendiculars will form a curve 
CPQRGSTVM, which fully represents the 
state of displacement in the waves on some 
chosen scale; in other words, it repre- 
sents their form. We shall call a figure 
so drawn the displacement diagram for the 
waves. The reader will probably avoid con- 
fusion of thought if he carefully bears in 
mind from the fii*st that the displacement 
diagram is merely a conventional represen- 
tation of the waves, the representation of 
the displacement being at right angles to 
the actual displacement. Only in the case 
of transverse waves with the disturbances 
all in one plane — plane-polarised waves — 
can the diagram represent the actual dis- 
'f^ placement as it occurs. It is very instruc- 

tive to draw several different displacement 
diagrams and then mark the actual displaced positions of par- 
ticles originally equidistant along the line of propagation. 

We may at once deduce from the displacement diagram the 
distribution of pressure throughout a wave. Thus, about the point 
E the pressure nas its normal value, as the neighbouring particles 
are all displaced by the same amount forwards, the curve being 
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parallel to AB. At K, again, the pressure is similarly normal. 
But between E and K there is an excess of pressure, since the 
particles from E to G are displaced, each one farther forward 
than the next ; and those from G to K are displaced, each one 
less backward than the next. They therefore crowd on each other. 
From C to E and froraL K to M the particles are drawn away 
from each other, and therefore the pressure is less than the normal. 




Velocity Curve 

Fio. 9. — Displaceroont Diagram in two successive instants. The Pressure and Velocity 
Curves deduced from it. 



All the phenomena of sound justify us in assumincr that the 
waves of disturbance travel on, the same in form and without 
breaking down^ so that a moment afterwards the whole displace- 
ment diagram is shifted forward a little, though otherwise un- 
changed. This at once enables us to determine the distribution 
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of velocities, by noting whether a given oi-dinate of the curve 
will gi'ow or lessen by the shifting, and whether it will be a 
change forwards or backwards. Fig. 9 represents a displacement 
diagram at two successive instants, and underneath are the pressure 
and velocity diagi-ams deduced from it. It appears at once that 
forward velocity accompanies compression, and backward velocity 
extension. 

Wave-Length. — In a train of waves, the wave-length — usually 
denoted by X — is the length occupied before the disturbance begins 



<- — X 



—^ 






Fig. lO.—Equai Waye-Lengths and Amplitudes, but different forms, 
(a) tuning-fork ; (6) violin ; (r) open organ-pipe. 

to repeat itself. In Fig. 8 it is the length CM. If U is the 
velocity with which the waves move forwaixl, and n the number 
which pass a point in one second, then a length U of the displace- 
ment diagram contains n waves, and 

U = nX. 

If an observer is at the point, n is the frequency of the note 
he hears. 

Phase. — ^The particular part of a wave at a point at a given 
instant is termeil the phase of the disturbance at that point. 
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The phase evidently repeats itself after the passage of a wave 
length. 

Comparing the displacement diagrams for two sets of waves, 
we see that they may differ from each other in three, and only 
three respects : in amplitnde, Wave-length, and form. We have 
already connected amplitude with loudness, and wave-length, as 
above, with pitch. On the assumption that the waves move on 
unchanged in form with constant velocity, we have only the third 
characteristic of form to connect with quality, and the conclu- 
sion that i|uality depends on form is, as we shall see hereafter, 
abundantly justified. In Fig. 10 there are three forms of wave, all 
of equal amplitude and length, but very different in form. These 
may be taken as representing, very nearly, the waves issuing 
respectively from a tuning-fork, a violin, and an organ-pipe when 
sounding the same note. 

Noise. — Noise, as distinguished from musical sound, evidently 
con-esponds to disturbance in which there is no regularity of 
alternation and no definite wave-length. Probably, too, when 
there is a mixture of a great number of waves of different lengths 
from different sources and without relation to each other, the ear, 
unable to pick out any one set of waves, hears only noise. Thus, 
when a number of people are talking toother in a room, a 
bystander, listening to no one in particular, hears merely a noisy 
buzz. But many noises have some approach to pitch, and can at 
least be set down as high or low. Perhaps there may be some 
regular wave-motion accompanying the general irregular disturb- 
ance ; thus, when an iron rod mils on the ground there is a noise, 
but accompanying the noise a note due to the vibration of the 
rod. In other cases it is possible that the sense of pitch may 
be due to a secondary distumance arising in the auditory apparatus 
of the observer or in the connected air passages. 



CHAPTER II. 

THE VELOCITY OP SOUND IN AIR AND OTHER 
MEDIA — REFLECTION AND REFRACTION OF 
SOUND. 

Contents. — Velocity of Waves in Air — Determinations of the Velocity of 
Sound in Air and other gases by Direct Experiment — Velocity of Sound 
in Water and in Isotropic Solids — Reflection of Sound — Refraction of 
Sound. 

The identification of sound in air with waves of longitudinal 
disturbance is most satisfactorily established by the almost perfect 
agreement between the observed velocity of sound and the calcu- 
lated velocity of waves, the calculation being based on the known 
mechanical propeilies of air. 

In this chapter we shall first determine the velocity on certain 
suppositions which considerably reduce the mathematical difficulties 
of the subject, and we shall then give an account of various experi- 
ments which have been made to determine the velocity of sound. 

Velocity of Longitudinal Waves in Air. — We shall assume : 

(1) that the displacement is small compared with the length of 
a wave — in other words, that the displacement diagram, if drawn 
on the scale 1:1, is very nearly flat; and (2) that the state as 
to displacement is the same at the same instant in a plane of 
lat extent, drawn perpendicular to the line of propagation. 
;t the displacement diagi*am H P Q K represent the longi- 
tudinal disturbance existing at a given instant along the line AB, 
Fig. 11, the waves travelling from A towards B. We shall 
suppose that an external force is applied to every particle of air, 
• such that, in conjunction with the internal force, due to pressure 
variation, it just suffices to propagate the displacement unchanged 
in form with velocity, U. Let the external force on an element 
of cross-section 1 per length 1 be X. The internal force is the 
difference between the two end-pressures at M and N. If the 
undisturbed pressure is P, we may denote these by P+p^ and 
P+/?N respectively, and the internal force is p^-pi;. 

The bulk-elasticity, E, of the air is the ratio of a small incre- 
ment of pressure, to the corresponding decrement of volume per 
unit volume, and is constant for small changes, such as are implied 
in assuming that the curve of displacement is nearly flat. This 
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implication will be evident from the expression for the volume 
change given below. 
We therefore have 

Pu^^^ change of volume per unit volume at M from the norma) 
condition. 

If the change of volume were everywhere the same as at M, 
each layer would be crowded forward by the same amount on the 
next, and the displacement curve would be represented by PT, 
the tangent at P. Now the original volume of the air between 
M and L was MLxl*. But M is moved forward MP, and L 
is moved forward LT, or M gains on L by PS. Hence . the 
change of volume in ML is PS x 1^ and the change per volume 1 

PS PS 



^ ML '''' ST* 



We may therefore put — 



^^ "" ^ ' ST *^^ ^^ "" ^ ' VQ 



(1.) 




Fia. 11. — Displacement Curve for a longitudinal disturbance, all the ordinates 
being small. TP, TQ, tangents at neighbouring points P, Q. 

Belation between Particle Velocity and Pressure Excess.— 

There is an important relation between the velocity of a particle 
and the excess of pressure to which it is subjected, which we shall 
use in Chapter VII. as well as here. Denoting by t/^ the velocity 
of the particle of air at N, the displacement due to this velocity 
would evidently change from QN to TL or bv TV, while the 
disturbance passed over LN, i.f ., in the time LN/U. 



Then 



or 



Similarly 



U LN VQ E 



u. 



£m 

U~E 



(2.) 



B 
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Acceleration and Force. — The velocity of the particle at N 
changes from u^ to u^ while the disturbance travels over MN, 
i.e,j in time MN/U. Hence 

acceleration = ^^^^ = U . . "^ " *^ 

MN MN 



which from (2) 



^U 

5^ Pu-Pv 

E MN 



(3.) 



The force on the element of length MN and cross section 1^ is 

PM-J»y + X. MN 
Dividing this by the mass p MN we may equate to the accelera- 
tion (3) and we have 

p.MN p E' MN 
^'^^ U2 = 5fl+X.-MNL\. . . . (4.) 

If X = at every point, that is, if there is no external force, 
and if the internal pressure changes are proportional to the 
volume changes, so that £ is constant, 

p - 

or 



u=Vf <'•> 



If, then, we once start longitudinal waves of the kind supposed, 
with the velocity given by (6) they will be propagated uncnanged 
with that velocity.^ 

Newton's Value of U.— The result U= VE/p was first ob- 
tained by Newton. 2 In working it out, he assumed — 

increase of pressure/original pressure = 
decrease of volume/o^ginal volume. 

This is equivalent to Boyle's law. For, according to that law, 
if P, V are the original pressure and volume, and P+p^ V—v 
their new values : 

PV = (P+p)(V-v) 

= PV+pV-Pv-/w. / 

^ If the pressure changes are too considerable to jastify the assumption 
that they are proportional to the volume changes, we may regard the variation 
from proportionality as an external force represented by X. Thus, in a wave of 
very considerable displacement and pressure excess, Xfipu-Pn) caii be shown 
to be positive, and U is greater than the value in (5). This agrees with certain 
experimental results given below. 

' Principiaf Bk. it sect. 8, Props. 47 and 49. 
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Neglecting pv as the prcxluct of two exceedingly small quanti- 
ties, we have 

whence 

V 

Using this value, Newton, with the data at his command, 
found 

U =: 979 ft./sec 

If we take the atmospheric pressure as 1,016,000 dynes/sq. 
cm., and the density of tne air as '001293 at that pressure, we 
obtain 

U = 28,000 cm./sec, say 920 ft./sec. 

the difference between 979 and 920 being due to Newton's imperfect 
data. 

Now direct experiment gives (neai'ly) U = 33,000 cm./sec, 
say 1080 ft./sec., a value greater by about J. The discrepancy, 
according to Newton, was about ^. Newton sought to explain 
the discrepancy by supposing that the molecules occupied about 
^ of the linear distance traversed, and that the sound passed 
instantly through these, only taking time to go through the inter- 
spaces. He also supposed that the vapour present in the air, 
which he took as y\ of the whole, had no part in the motion, and 
thus he arrived at a value 1142 ft./sec. There was, however, 
no justification whatever for either of these suppositions. 

Laplace's Correction.— It was not till 1816 that the source of 
error was detected, when Laplace pointed out that the elasticity 
was not to be found from Boyle's law. In sound-waves the com- 
pressions and rarefactions take place in such quick succession that 
there is not time to share with the surroundings the heat developed 
by the compression or the cold developed by the rarefaction. 
Now Boyle's law would only hold if the temperature remained 
uniform, and this would require the changes of pressure to be 
made so slowly that changes of temperature woula be prevented 
by conduction and radiation to or from the surrounding air. The 
result of rise of temperature in compression is that a greater 
increase must be given to the pressure for a given volume decrease 
than when the temperature is constant. Similarly, a fall of 
temperature in rarefaction requires a larger decrease of pressure 
for a given extension, and so the elasticity is greater in both cases. 
Laplace supposed that the changes occur in such rapid succession 
that there is no sensible passage of heat into or out of the waves. 
Perhaps a better statement of the condition is that the temperature 
slope is so small that no appreciable fraction of the temperature 
difterence is removed by conduction or radiation while a single 
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wave is passing. The changes are then adiabatic, and the relation 
between pressure and volume for a gas is given by 

P V = constant^ 

where 7 is the ratio Specific Heat at constant pressure / Specific 
Heat at constant volume. From this law it can easily be shown 
that 

p-7v 
if p and v are very small ; whence the adiabatic elasticity 

a result which is in accoixlanceT with the general rule 

Adiabatic elasticity = 7 . Isothermal elasticity. 

Various experimental determinations of 7 have been made,^ 
and the value for air is certainly not far from 1'40. Using this 
value in 

1 

we get U = 33,170 cm. /sec. approximately, which agrees very closely 
with the best experimental determinations described below. 

This agreement appears to justify Laplace''s supposition that 
the changes of volume are adiabatic, and this supposition has been 
entirely verified by Stokes, who has shown that the elasticity must 
either be the isothermal one used by Newton or the adiabatic one 
used by Laplace. With any intermediate condition there would 
be dissipation of energy, such that the waves would die away with 
extreme rapidity. This dissipation may be illustrated by con- 
sidering the case of 'a cylinder containing air and closed by a 
piston working quite smoothly in the cylinder. If the piston is 
projected in one direction, it will oscillate to and fro, alternately 
compressing and rarefying the air. If the time of oscillation is so 
great that no temperature changes occur, there will always be the 
same pressure on the piston in the same position, and the oscilla- 
tion will continue without dissipation of its energy. If the time 
of oscillation is so small that the changes are adiabatic, the 
pressures will again be definite in definite positions, though not 
the same as in the previous case, and there will again be no dissi- 
pation. But if the changes are neither adiabatic nor isothermal, 
during a given compression some of the heat will leak away, and 
therefore, during the following extension, the temperature of the 
air at a given volume will be lower than it was for the same 

^ For an account of these, see HcaU 
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volume during the compression ; the pressure against the piston 
will be less, and the whole of the kinetic energy given up by the 
piston in compression will not be restored in extension. In fact, 
the energy has been dissipated by conduction from a higher to 
a lower temperature. It may be pointed out that there is also 
conduction of heat in the isothermal change, but as this is between 
bodies at practically the same temperature, there is no appreciable 
dissipation of energy. . 

The Change of Velocity XT with Change of Temperature. — ^ 

If we assume the equation which is approximately true for gases — ^ 

P = #c/[x(l+a/), 

where « is a constant for the same gas and a = . 00367, we get 



lf<=0°, _ 

U = U„=V7K, 
whence, in general, 

U = UoVl+o/. 

If ^ is small, this becomes 



-Uo(w| 



) 



= Uo(l + . 00184/). 

For dry air this is, in centimetres per second, 

33,200 + 61/. 

It is evident from this result that the velocity depends on the 
temperature and not on the pressure of the air, so long as the 
constitution is the same. Of course, if p varies for the same values 
of P and /, then U will be affected. If, for instance, the humidity 
increases, p diminishes and U increases. 

Application of the Formula to Liquids. — Since the only 

assumption made in the investigation on which the fornmla is 
based is that the waves are of the longitudinal type, we may apply 
the result to liquids as well as gases, and we obtain 



where E^ is the adiabatic elasticitv. 

Direct experiment gives us tne isothermal elasticity E^ and 
here also E^/E^ = k^Jk^ where Kp and k^ are the specific heats 
respectively at constant pressure and constant volume. For 
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liquids, however, the relation between Kp and k^ is not so simple 
as for gases, but we have, in mechanical units, 

K^-.K^ = a2V^E,, 

where a is the co-efficient of volume increase, V is the volume of 
unit mass, and is the absolute temperature. 

In the case of water, we know all the quantities a, V and 
E«. Thus, according to Grassi,^ at 4°, E, = 203xl0i^ and at 
15% E, = 2-23 X 10^^ But at 4% a = /. k^ = k^ and 

U = J%[p, = 142,500 cm./sec ; 

At 15% a =00016, 

V=l, 
^ = 288, 
K^ = 4-16xl07; 

whence (i^L!^^^. 00395 

^^^ !^= 1-004 (approx.), 

U = 149,600 cm./sec. 

The most trustworthy experiments yet made (see below, p. 30) 
give us the velocity of sound in water at 8*1° C. — 

143,500 cm./sec. 
This is as close an agreement as could be expected. 

Determinations of the Velocity of Sound by Direct 

Experiment. 

We shall now give a brief account of some of the more in- 
teresting and important experiments which have been made to 
determine the velocity of sound in air. 

Corrections to Dry Air at 0** C. — As the velocity is not fixed, 
but is dependent on qualities which are continually varying, it has 
been usual, in all but the earlier experiments, to observe the state 
of the air as to humidity and temperature, and hence from the 
observed velocity to calculate the velocity in dry air at 0"*, 
assuming 

Thus if po is the density of dry air at P and 0'', while p is the 
density of the air at the time of the experiment 



whence Uo/U= Jpjpo 



and Uo = U JpIpq. 

^ Vidlle, Coura de Phytique^ i. p. 525. 
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Effect of Wind— Derham's Experiments— The velocity calcu- 
lated is that relative to a starting-point in the air itself, and is 
only relative to a point fixed on the surface of the earth when 
the air is at rest. When the air is moving, the waves are carried 
with it, and the velocity relative to the surface of the earth — the 
velocity observed — is tne resultant of the velocity relative to the 
air and the velocity of the wind. 

The effect of wind was first established by a long series of 
experiments by Derham at the beginning of the last century on 
the time taken by the report of a cannon fired on Blackheath to 
reach the tower of Upminster Church in Essex, a distance of 12 J 
miles across the Thames. The time taken by the flash to travel 
over this length being negligible, the interval between flash and 
report was that taken by tne sound. The interval varied between 
65J and 63 seconds, according as the wind and sound travelled 
in the same or in opposite directions. Derham obtained as the 
velocity of sound 1142 ft./sec.^ Believing that temperature and 
humidity were without effect, he did not record these. 




PlO. 12. — Velocity of Sound in Wind. AC, velocity of wind. 
CB =s CB' = U, AB, AB', velocities of sound in directions 
AB, AB'. 

Method of Correction by '' Beciprocal " Observations.— In 

most of the later experiments the time of passage of the sound 
between two points has been taken in both directions, and, by 
taking the mean, the effect of wind has been to a great extent 
eliminated. For let B'AB, Fig. 12, represent the direction of the 
line joining the two points, and let AC = r', making 6 with AB, 
represent the velocity of the wind. Draw CB = CB' = U, the 
velocity of sound in still air. Then AB, AB' will represent the 
velocities of the sound in the two opposite directions respectively. 
If we denote them by V^ and Vg, drawing CD perpendicular 
toBB'r 

V^ = BD + AD 

Vj = BD - AD. 
But 

BD = VBC^ - CD2 = VU2 - 1;2 sin^ 6 

and 

AD = V cos 0, 

1 Phil, TVaTw., 1708; Hutton, v. p. 380. 
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Expanding and neglecting powers of r/U above the second 

^T »T f-i V COS 6 v^ sin2 ^\ 

If Tj and Tg are the times of passage over the distance L 
between the two points, and T their mean : 

T -^ T = — 

_Lj/ vcos^ v2sin2^\-* / i; cos ^ t^^sing^y^ ) 
""20 1^ "~D 2D2~y "^ V^ U 2U2 >/ I 

= 0{^^2&(^^^^^'^)}' 
or 

Probably =r=: is never more than -^-^ in the weather selected for 
experiments, so that ^ is negligible, and therefore U = =^. 

This, of course, assumes that the wind is constant during the 
two opposite passages. No doubt there are variations in reality, 
and their effect can only be eliminated by repetition. 

Experiments of 1738.— In 1738 a commission of the French 
Academy of Sciences made experiments between Montmartre and 
Montlhery, a distance of 17 or 18 miles, observers being stationed 
at the Observatory of Paris and the Chateau de Lay, which were 
in the line joining the extreme points. Cannons were fired at half- 
hour intei*val8 alternately at the two ends of the line, and the 
intervals between flash and report were noted by the observers at 
the various stations. Though the sound was not always transmitted 
all the way, data were obtained which gave as the actual velocity 
in modern measure : 

U = 337 met. /sec. 

The temperature was about 6° C, whence 

Uo = 332 m./sec. 

The Experiments of 1822. — After Laplace had pointed out 
the source of error in Newton^s calculations, a Commission was 
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appointed by the Bureau des Longitudes which experimented 
again on the outskirts of Paris, between Montlhery and Villejuif, 
a distance of about 11 miles. Reciprocal cannon-firing was used, 
but at intervals of only five minutes, and chronometers replaced 
the pendulum clocks of the first experiment. At 15*9" C. the result 
was U = 340*9 m./sec, whence 

Uo = 331 m./sec 

The Experiments of Moll and Van Beck.— In 1823 these 

observers made a determination of the velocity over a distance 
of 17,000 metres between Levenboompjes and Kooljesberg, near 
Utrecht, reducing the interval between firing at the two ends to 
one second. They found 

Uo = 332-8 m./sec. 

Experiments at Different Levels.— In 1823 Stampfer and 
Myrbach made determinations between two stations in the Tyrol 
differing in level by 1364 metres. In 1844 Bravais and Martin 
experimented between two stations on the Faulhom differing in 
level by 2079 metres. Both pairs of observers found : 

Uo = 332 -4 m./sec 

These experiments are interesting in that they fully confirm 
the result of the calculation that the velocity is independent of 
pressure. 

Experiments at Very Low Temperatures. — Determinations 

have been made in Arctic expeditions at temperatures below the 
freezing-point. Thus in Parry ""s third voyage the velocity was 
determined at temperatures ranging from —38*5° F. to — 7® F., 
and again at 33*5'* and 35°. 

From the actual results (see Airy''s Sound) the velocity at 
0° F. would be about 1050 ft./sec, and the temperature correction 
about 1 ft./sec. per degree F. This agrees fairly with calculation. 

A large number of observations were made by Greely ^ at 
temperatures between —10° and —45° C, giving in m./sec. 

U = 333 + -6^ 

which agrees very closely with the formula of p. 21. 

Stone's Experiments. — In 1871 a determination was made 
by Mr. Stone at Cape Town.^ Two observei*s were stationed, 
one at a distance of 641 feet from the one-o"*clock time-gun at 
Port Elizabeth, the other at the Observatory, 15,449 feet away. 
On hearing the report, these observers gave electric signals recorded 
on the ^chronograph at the Observatory. As there was no re- 
ciprocal firing, the wind velocity was measured and allowed for. 

1 PhiL Mag., 1890, xxx. p. 607. « Ibid., 1872, xliil p. 153. 
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Tlie time taken by the electric signals bein^ negligible, the time 
between the recoras on tlie t-hi-onograph !^ho^ld have given the 
time taken by the sound to travel the distance betHCon the 
observera. 

But the chronogi-aph i-ecorcls were now coiTectcd on attount 
of "personal equation." Every observer takes a greater or less 
time to record any event which he observes, and the interval 
between the actual time at which the event, as it were, reaches 
him, and the time at whicb he records it, is termed his persoii&l 
equation. If, in the experiments at Cape Town, the obsenei's had 
had exactly equal personal equations, the recoi'ded would have 
been equal to the true time ; or if they had had unequal but 
constant personal equations, the effect might have been eliminated 
by interchanging the observers. But in all probability the personal 
equation varies with the same observer, depending, among other 
conditions, on the intensity of the sound, being gi-eater for faint than 
for loud sounds. In order, then, to eliminate the effect, a subsidiary 
experiment was made, in which a gun was fired 1483 feet from 
the Observatory, and 162 feet from the first observer, the loudness 
for each observer being estimated as equal to that of the time-gun 
in the main experiment. ITie time taken by the sound to travel 
over so short a distance could be calculated without serious error 
from that over the ten times greater distance without considering 
the personal equation effect, which would be reduced to T^th. 

The recorded inten'al was gi-eater than that calculated bv 
■09 sec., and therefore "09 sec. was subtracted from the intervals 
recorded from the longer distance, as the excess of the personal 
equation of one observer over that of the other. It is interesting 
to note that when the obser\'ers were interchanged in the sub- 
sidiary experiment the error was '02 oydy, but still in the same 
direction, tending to show that the farther observer had always 
the larger equation, but that one had a greater equation than the 
other at this distance. The final value ohtained by Stone was: 

Uu= 1090-6 ft./sec. 
or 

Eegnault'a Experiments. — Before Stone had shown the 

Sractical importance of the personal equation, Kegnault had 
evised and caiTied out a metliod in which the sound-wave was 
made to give its own record by means of electric signals.' Ho 
determined the velocity not only in the open air, but also in 
pipes of various diameters. 

The open-air experiments were made in 1S64> at the Polygcme 
de Satory near Versailles over two distances, respectively 24+5 and 
IS80 metres. The source of sound was a gun, and rccipi'ocal firing 

' Fhit. Hag., 1863. xxxr. p. IGl. 
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was adopted. To record the instant of firing, a wire foraiing part 
of an electric circuit was stretched across the muzzle of the gun. 
This was broken by the explosion, and the inteiTuption in the 
circuit was recorded on the revolving drum of a chronograph. 

At the distant station the sound-wave was received by a wide 
cone fixed on to a cylinder, closed at the farther end by a thin 
india-rubber membrane. When the wave impinged on the mem- 
brane, it was driven forward and an electric circuit was broken, 
the interruption being recorded on the chronograph, on which the 
firing had already been marked. 

At first it might appear that personal equation was thus 
eliminated, but in fact the membrane has as much a personal 
equation as an animate observer. For it will take some time to 
acquire energy from the wave, and inevitably there will be delay in 
responding to the sound. Regnault sought to measure and allow 
for this delay by special experiments. 

The values for the velocity given by the mean of a great 
number of experiments were — 

Over 1280 metres, Uo = 331-37 m./sec. 
„ 2445 „ Uo = 330-7 m./sec. 

This falling off in velocity with increase of distance is in agree- 
ment with various other experiments, all tending to show that 
the velocity is greater with greater intensity, and that it only 
tends to a lower limit as the intensity diminishes. If we suppose 
that the sound travels over the 1165 metises between the 1280 
and 2445 metres from the source, with the limiting velocity, 
we find 

""o-mT^uW = '''-' ^'^^'''' 

330-7 331-37 

In the years 1862-66 Regnault made a very extensive series of 
researches by the same method on the propagation of sound in 
tubes, using water and gas pipes and tubes set up in his laboratory 
of various lengths up to 4900 metres, and various diameters from 
1'08 decimetres to 1*1 metres.^ In the longer tubes, intermediate 
receiving stations were sometimes used, and in all cases the wave 
could be followed through several passages to and fro in the pijxj 
after reflection at the ends. The receiving drum now made an 
electric circuit, instead of bi*eaking it as in the open-air experi- 
ments. The drum had, unfortunately, a personal equation, in- 
creasing as the sound grew more faint; and though this was 
allowed for, it is to be feared that its effect was not wholly 
eliminated, and that Regnaulfs results are slightly under the 
true value. 

^ Violle, Cours de Physique, ii. A. p. G4. 
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Various sources of sound were used, including a pistol with 
varying charges, an explosion of a mixture of oxygen and hydro- 
gen, and musical instruments. In all cases temperature and 
humidity were observed and allowed for. The following results 
were obtained : — 

1. The velocity decreases with decreasing intensity, tending 
towards a lower limit for very feeble sounds. Thus the velocity 
of the wave from a charge of 1 gramme of powder in the widest 
tube sank from 834'lo to 330*52 m./sec. as it travelled to 
and fro. 

2. The velocity increases with the diameter, tending to a limit 
with very wide tuoes. Thus, in the tube '108 metre in diameter, 
it is 324*35 m./sec, and in that I'l metres in diameter it is 330*3 
m./sec. This agrees with a formula found by v. Helmholtz, and 
afterwards modified by Kirchoff,^ according to which the velocity 
should be 

1 - -^-_Y 



U = Uo( 



where Uo is the open-air velocity, 
D . . . diameter, 

N . . . frequency of the note sounded, 
and c a constant, having different values according to the 
two investigators. 

3. The limiting velocity is the same for all sources. 

4. The velocity is independent of the pressure. Thus in the 
laboratory experiments the same value was obtained with pressures 
varying from 247 mm. to 1267 mm. 

Regnault gave, as the final result of his experiments, the value 
for a feeble sound in an infinitely wide tube 

Uo = 330-6 m./sec. 

Experiments were also made on the velocity of sound in different 
gases by means of the tube set up in the laboratory. Accoixling 
to our calculation, the ratio of the velocities U, U' in two gases 
of densities p, p' at the same temperature and pressure should be 

U'/U = J^ 
Regnault found, taking U as the velocity in air 

u/u jJTp' 

Hydrogen . • . . 3 801 3682 

Carbon dioxide . . . . < o*8009 f ^*^i^^^ 

Nitrogen 0-800Y 0-8100 

Ammonia 12279 13025 

1 Rayleigh's Theory of Sound, voL ii. §§ 349, 850. 
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The first two numbers were obtained from a tube more than 
500 metres long, and the gas was perhaps not maintained pure 
in such a length. In the others, the len^h was 70 metres. 

Other Experiments showing Variation of Velocity with 

Intensity. — Violle and Vautier^ working with a tube '7 metre in 
diameter, and using Regnault's apparatus with certain improve- 
ments, obtained results agreeing with the formula 

Vel. = Uo(l - C VP), 

where P is the mean variation from the normal pressure in a wave, 
and C a constant. They found the same velocity for different 
notes, perhaps because the tube was wide. Jacques, experimenting 
at Watertown, Mass.,^ has shown that when a cannon is the source 
of sound, the velocity varies in different directions round it. He 
used membranes as receivers, recording on a chi'onograph, and 
found that " immediately in the rear of the cannon the velocity 
was less than at a distance, but that going farther and farther 
from the cannon the velocity of sound rose to a maanmum con- 
siderabli/ above the ordinary velocity^ and then fell gradually to 
about the velocity iisuaUy received!^ Thus, with a charge of 1^ lbs. 
of powder, the velocity rose from 1076 ft./sec. at 10 to 30 feet 
in the rear to a maximum of 1267 ft./sec. at 70 to 90 feet in 
the rear and then fell ofl*. 

Perhaps, owing to the fact that the intensity, and therefore 
the velocity, in front and at the sides is much greater than at the 
back, the wave-surface wijl have at first a kind of dimple at the 
back. This may be of such form that it fills in, as it were, from 
the sides, and ultimately disappears. If so, on drawing successive 

Eositions of the surface, it will be seen that the results obser\'ed 
y Jacques are probably explained. 

The Erakatoa Eruption. — A very remarkable example of 
sound-waves on a gigantic scale was given by the Krakatoa 
eruption on August 26-27, 1883.^ This was accompanied by 
a series of explosions, culminating in a tremendous outburst on 
the morning of August 27, when a large part of a mountain was 
blown up into the air. The sounds were heard over an area 
estimated at one-thirteenth of the earth's surface, and at more 
than 2000 miles away they were like the firing of heavy guns. 
The wave due to the chief explosion as it travelled round the 
globe affected all the barometers and left a very noticeable trace 
in the self-recording instruments. By a careful examination of 
these records, it was found that the wave travelled at about 700 
miles per hour (the velocity of sound at OT'. is 723 miles |Xir 
hour); that it culminated at the side of the earth opposite to 

> Ph'd. Mag., 1888, xxvi. p. 77. 

2 PhU, Mag., 1879, vii. p. 219. 

3 *' The Eruption of Krakatoa/' Royal Society Report ; Nature, vol. xxxviii. 
1888, p. 566. 
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Krakatoa in 18 hours : that it then spread out again, culminated 
again, and so on, the trace not being entirely lost for 127 
hours. 

Velocity of Sound in Water.— In 1826, MM. Colladon and 
Sturm determined the velocity uf sound in Lake Geneva. The 
source was a bell struck by a lever about a metre below the 
surface. By the same blow some gunpowder was ignited, giving 
a fleish which could be seen at the distant station, as the experi- 
ments were made at night. The sound was received by a Icind 
of ear- trumpet— a tin tube about 3 metres long. The lower end, 
2 decimetres in diameter, was closed and plunged under water, 
and the upper end was applied to the ear of the observer. The 
sti'oke of tnc bell could be heard even across the lake, a distance 
of 14,000 metres or 9 miles. Tlie interval between flash and 
sound was registered on a quarter-second stop-watch, and the 
mean velocity found from a number of determinations was 1435 
per second, the mean temperature of the water being estimated 

«t8-rc. 

Velocity of Waves from Explosions in Water. — Messrs. 
UTirclfall and Adair have shown ^ that the velocity of a wave 
sent out by an explosion in sea - water increases very greatly 
with the intensity of the explosion. Various charges of gun- 
votton were fired under water in the harbour of Port Jackson, 
Australia, and the time taken by the wave to travel 150 or 180 
metres was measured. Tlie charge was fired by an electric current, 
which gave a signal recorded on a pendulum chronograph, and 
the receiver was an india-rubber diaphragm several feet under 
water, so arranged that on disturbance it completed an electric 
circuit i-ecording on the chronograph. ITie calculated velocity of 
sound was about 1500 metres per second ; the observed velocity 
of the explosion- wave rose from 1732 niet./sec. with 9 oz. of gun- 
cotton to @013 mct./sec. with 64 oz. 

Velocity of Sound in Isotropic Solids. — Several kinds of 
waves are possible in solid bodies, In solids extended in every 
direction we may have waves of longitudinal disturbance pro- 
pagated with velocity — 

where k is the bulk modulus of elasticity and n the rigidity ; and 
we may have waves of transverse disturbance propagated with 
velocity — __ 



The former would probably be termed sound-wa 
were experimentally studied ; but at present \n 
has a theoretical interest only. 

' Proc. lioyal SiKMty, 1889, xWi. p. 49& 
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In cords and thin bars we may have waves of longitudinal 
disturbance accompanied by lateral shrinkage or expansion, pro- 
pagated with velocity — 

U= VY/p 

where Y is Young's modulus, and is 

= 9iiic/(3ic + «). 

We may also have transverse waves, depending on the elasticity 
of the material only as the thickness becomes considerable, and 
torsional or twist waves. All these have been studied experi- 
mentally, and we shall enter into more detail later. 

Indirect Measures of the Velocity of Sound by Rods and 

Pipes. — The velocity in tubes containing gases, and the velocity 
in solid rods and wires, may be determined indirectly by the 
notes emitted by given lengths. We shall give some account 
of the methods employed when we discuss the vibrations in pipes 
and rods (Chapters VII. and VIII.). 

Reflection of Souni>. 

Examples of the reflection of sound in the form of echo are 
well known to every one, and they can always readily be explained 
by the presence of some reflecting surface, such as a hillside, 
a rock, or a wood. Certain echoes present peculiarities, which 
are doubtless to be referred to the nature and position of the 
reflecting surface. Sometimes, for instance, the quality of the 
reflected sound differs from that incident on the surface, a shout 
in a particular note coming back apparently an octave higher. 
The octave was present in the shout, but was masked by the 
predominant fundamental note. But probably the irregularities 
of the surface were comparable with the wave-length of the lower 
note and destroyed it or diffused it, while they were large com- 
pared with the wave-length of the higher note, and so it could be 
reflected from each of them. 

In many rooms a particular note is echoed to and fro for a very 
appreciable time, more especially if the source is at a particular 
point. This is probably due to some relation between the 
dimensions of the room and the wave-length of the note, which 
is, perhaps, one of the upper partials of the room (Chap. VII. 
p. 120). 

Frequently, a sharp sound, such as the clapping of the hands 
or of two boards together, is reflected in a room or a corridor with 
smooth, parallel walls as a more or less musical sound. Here the 
successive reflections reach the ear at definite intervals sufficiently 
near together to give a musical note. 
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Mmical Echo from Palisading. — A similar effect is often 

olwcrvcd when one \h walking near palisading, each footstep of 
the observer Inking followed by a masical ring. ITie effect is only 
noUnl after iiome fludden sound, and may often be heard very 
distinctly on clanping the hands or on knocking two stones 
together. I>et tne vertical lines 1-8, fig. 13 a, represent the 
liars of the palismling. Suppose that an observer on the right 
lias sent a very short wave, conventionally represented by a 
narrow arch, from right to left. As this passes each bar, a wave 
is sent out from the nar backwards. If at the instant chosen for 
the figure, the outgoing wave has just passed the last bar on the 
left, No. 8 (the outgoing wave is not shown), the reflected waves 
will be in the positions r^, Tj, . . . rg, the suflfix denoting the bar 
from which reflection has occurred. These will form an equi- 
distant series with well-marked periodicity, and the observer will 
hear a musical note. In the line of the palisades the distance 
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FlO, 18.— Uoflootion of a Rinjfl© Wnvo from Palitindtng. a. short wave, forming a reflected series 
Ktvtnir a mu«ioal note ; 6. lon^ wave, fonnint; a reflected series overlapping and without marked 
periodicity. 1-8 Xvwn roflocting wave which has passed to the loft of 8. ri , , , r^ rorics of reflected 
waxiw. liarn omitted in 6, 

lH»twiH»n the sucoessivo waves is twice the distance between the 
Imrs, for while the incident wave moves forward, say from bar 7 
to luir 8, the wave ivflecttHl fmm bar 7 moves back to bar 6, and 
the distaniv iK^twwn r. and r^ is two bars. Hence the wave- 
length is 2A wheiv / is the distaiu*e between the bars, and if 7i is the 
ftxHjuency of the note heaixl, 2w/=lT, where U is the velocity of 
souiul. U is worthy of vSjKX'ial notice that the frequency of the 
note heanl dejwnds on the {K)sitions of tlie source and obser\'er. 
Th\iH, with a souixx^ in the line of the palisading and an ob- 
siTver at right angles to that line, the note will be one octave 
higher. 

If the inciilent wa\*o is long, such as may be represented by 
a flat, wide aix*lu the rt^flections will be as in Fig. 13 b. The 
n^flet^ttxl waves will then overlaj^, and the Jx^^iodicity will not be 
sufficient ly detiiuxl to give an audible musical note. 

Whispering OaUeries. — Another verj- curious instance of the 
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reflection of sound is given by whisjieiiiig galleries, such as the well- 
known circular gallery in the dome of St. Paul's, where a whisper 
is transmitted round the surface of the gallery, so as to be i)(?rfei;tly 
audible all round near the wall, Loi-d 
Rayleigh explains this as chiefly due 
to a continued reflection of the sound 
at the surface.* Let S, Fig'. 11, be the 
souive of sound. Borrowing n useful 
term from optics, a " ray " of sound 
sent out along SP will be reflected so 
as to travel round in a series of equal 
chords, all touching the circle with 
radius ON, ivhere N is the foot of the 
perpendicular from O on PSP'. If QSQ' 
be the other tangent from S to this 
circle, a rav of sound sent out along 
Sy will als<; travel round in a series of iery. S..ourc8;SP,SQ.tw..eiuM 
equal chorda touching the same cii-cle. twoon" SP^Ld" ai wlvlii" round 
Intermediate rays will form shorter ouwido the drelo wuohipg ihsm, 
chords, and therefore travel round 

wider circles. Hence all the sound sent out between SP and 
SQ travels round outside the circle with radius ON; the lateral 
Bjtreading is largely prevented, and the intensity i-emains sufficient 
to render the sound audible all round. 
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Wind-Hefraction. — It is a common observation that sound 
carries better with the wind than against it. Rells, trains, and 
other notable sources are often heard when the wind ia from their 
(lii-ection, though they may be quite inaudible at other times. 
The explanation of this fact was given by Stokes, who pointed out 
that the differential movement of the air in wind would produce 
the observed effect. 

Let Aj Bu (Fig. 15) represent the section of a wave-front — i.i: 
a surface in which the disturbance all stiirted from the source at 
the same instant, and let us suppose that this wave-front at the 
given instant is vertical and is travelling bonzontally. Let A] B„ 
A.J Bj, &c., represent successive positions of the same wave-front 
after equal intervals of time, when the air is quite still. 

If the wind is blowing with the sound, then the velocity of the 
wind must be added to that of the sound. But the upper layers 
of air move more quickly than the lower, so that the upper parts 
of the wave travel more quickly than the lower, and the wave- 
front turns downwards, as shown in Fig. 15, a. There is, therefore, 
a condensation of the sound along the surface of the earth, and a 
listener at O has much more chance of hearing. 

If, on the other hand, the wind is blowing against the sound. 
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its velocity must be subtracted. Then, as in Fig. 15, 6, the lower 
parts of the wave travel more rapidly than the upper parts, the 
wave-front turns upwai-ds, and the sound tends to go into the 
upper air, and there is a thinning off near the surface, so that a 
listener at O has much less chance of hearing. 
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Refraction by Air of Varying Temperature. — ^Reynolds 

has shown that there is another kind of sound-refraction, due to 
temperature variation at different altitudes. If the temperatui-e 
were the same at all levels, then the velocity of sound would be 
the same at all levels, since it is independent of the pressure. But 
if, as is almost always the case, the temperature varies, the 
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velcwity varies with it by about jinth of the whole am 
per 1° C. 

Usually in the daytime there is a fait of temperature as w 
upwards, and the velocity ia therefore greatest uear the groi 
tiie effect is like that represented in Pig. 16, b, the waves turning 
upwards. The sounds thin out along the ground and are concen- 
trated overhead, where there is no observer to note them. If tht 
temperature rises upwards, the effect is the reverse, like that 
represented in Fig, 15, a; the waves turning down, so that the 
sound is heard more plainly along the ground. This often 
happens about sunset, when the air below cools more rapidly tliaii 
that above, and ultimately becomes colder than the higher air, as 
is shown by the mists rising for a few feet. Then sounds carry 
along the level to very great distances, Probably every one in 
familiar with the clearness with which sounds are heard across stiU _ 
water at dusk. On a frosty morning, too, after a very clear night, M 
sounds carry exceedingly well for a similar reason. The contrary _ 
effect, due to a lower temperature above, is very noticeable on a 
hot summer-day, when sounds carry only abort distances along the 
level. But here the apparent stiffing of the sound may be aiiled 
in another way. If the fall of temperature upwards is sufficiently 
rapid, the air becomes unstable and up-and-down convection 
currents are formed. The air is thus a heterogeneous mixture as 
regards temperature, and the waves of sound are being continually 
reflected and refracted at the surfaces separating the different 
cuiTcnts. The waves ai-e not absorbed, but they are broken up 
and spread out. Light is affected in a similar manner, and the 
state of the air may be recognised by the dimness of outline of 
objects, I'yndall tws illustrated the effect of heterogeneity on 
sound by showing that the sound from a reed, which will ordinarily 
affect a sensitive flame placed near it, will no longer do so when 
the hot gas rising from a number of burners is interposed. 

It is very probable that the long rolling of thunder from J 
distant lightning is a case of reflection and refraction at the-1 
surfaces separating masses of air in different conditions, the more 
or less sudden sound which we have from a near flash being 
gradually drawn out into a long roar as it travels on. 

Propagation of Sotmd through Fog. — Lord Kelvin has shown 
that the limiting condition of equilibrium of the air in a warm 
fog is reached when the rate of fall of temperature upwards is 
only about half that in the limiting condition of fog-free air. 
Hence foggy air is in a more homogeneous state than ordinary 
air, and we might expect it to carry sound well. This is entirely 
borne out by Tyndall's observations.' If, then, the roll of 
thunder is due to reflection by the clouds, it is not that they 
are opaque to sound, but merely that they are in a different 
acoustic state from the surrounding air. 
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CHAPTER III. 
FREQUENCY AND PITCH OP NOTES. 

Contents. — Methods of Determining Frequency of Vibnition of Sources — 
Graphic Methods of Determining Vibrations — Stroboscopic Methods — 
Manometric Flames — Alteration of Pitch with Motion of Source or 
Observer — Musical Scale and Temperament. 

We shall now describe some of the various methods which have 
been devised to determine the frequency or number of vibrations 
j)er second of a source emitting a note of given pitch, selecting 
methods which appear most important, either historically or 
practically. 

Gteneral Principle of Methods of Determination.— ^Usually 

a note nearly the same in pitch as that to be determined is 

sounded by some mechanism whose frequency can be counted. 

AVhen the two notes are sufficiently near in frequency, the ex- 

|3erimenter hears " beats,". i.e. regular variations in the intensity 

of the sound, the number of beats per second being equal to the 

difference in the frequencies of the two notes. These beats enable 

experimenters without exact perceptions of pitch to say when 

the notes are near each other, and to determine their relation. 

Thus, if the known source has frequency w, and if the frequency 

of the beats is 6, then the frequency to be determined is n±by 

the sign to be decided by the circumstances of the experiment. 

Savart's Toothed wheels. — ^The simplest apparatus for the 

determination of pitch consists of a toothed wheel, which can be 

rapidly rotated while a card or thin metal plate is held against 

the teeth. As each tooth passes, the card is lifted and sends 

out a wave, and the succession of waves gives a musical note. 

The speed of rotation is adjusted, by trial, so that the note sounded 

is in unison with that to be determined, and then, maintaining 

the speed constant, the number of revolutions N in time t is 

counted. If w is the number of teeth on the wheel, the frequency 

. N;t 
IS - — . 

Seebeck's Siren. — ^ITiis consists of a plate, now usually of 
metal (though it is still called the " cardboard " siren), furnished 
with concentric circular rows of equidistant holes, and mounted 
on an axis which can be rapidly revolved. When the plate is 
revolving sufficiently rapidly, a stream of air from a blower is 
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iliiected by a iio/zle against one of the circles of holes. As 
each hole passes the noz/le, a puff of air rushes through and 
sends out a wave. The succession of waves pi-odiiees a musical 
note, whicli must be tuned to the given note. This may be 
done more readily by fixing behind the rotating disc a " resonator," 
i.e. a vessel shaped so as to sound the given note when blown into. 
The air in this is set vibrating sympatheticallv bv the waves issuing 
through the boles, and send.s out a loud and clear note when the 
disc is going at the right speed. If an attached counter shows N 
revolutions in t seconds, and if the holes in the circle are n in 
number, then the fre(|uency of the note sounded is aa witli the 
toothed wheels .. ,, , 

A coinbination of these twi 



general principles, is shown in Fig. S 
be now used for any exact esperiment. 



ms, made for illustration of 
^ Chapter 1. Neither would 

Se 
k Tour's ^iren. — A common fonu of this in- 
strument is presented in Fig. 16. A small horizontal circular 
disc, ss, with a circular row of holes in it, is mounted on a vertical 
axis, so that it turns close to the ton, but just clear of a hoUow 
box. A, having a similar row of boles in its top cover. Air is 
blown into the box from a bellows, and when the holes in the 
<lisc coincide with those in the box, a puff issues through each. 
These separate puffs all coincide to giys one big wave, Kach 
time, therefore, that a hole in the disc; moves one place on, a 
wave is sent out; and if n is the number of holes, and N the 
number of revolutions in t seconds, Snjt is the freiiuency of the 
note sounded. A screw thread, f, on the spindle turns the mechanism 
which counts N. By cutting the holes in the btix and disc 
slanting in opposite ways, as shown in the section in the lower 
right-hand side of Fig. 16, taken through nn in the upper right- 
hand figure, the stream of air is made to diive the instrument as 
well as to give the note. This device was adopted by the inventor, 
and has been followed since by instrument- makers, but it detracts 
very much from the exactntiss of the instrument. With the air 
blast as motive power it is exceedingly difficult to maintain a 
constant speed, the tendency being to a gradual increase. 

The counter, too, in the ordinary arrangement with an im- 
pulse on the slow wheel after every revolution of the quick wheel, 
is objectionable as making the running jerky. Hclniholtz, who 
used a modified form of the instrument in his celebrated re- 
searches, drove it by an electric motor, and used the stream of air 
merely as a sounder. No doubt this plan would be always fol- 
lowed, now that good electro motors are so easily obtained, if the 
instrument were required for exact work. 

As a matter of curiosity, we must mention the fact that the 
siren sounds under water if entirely immersed and driven by a 
stream of water. 
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Dove iinxlified the instrument by having several circlea of 
holes in the disc, any one of which can be used at will. Heltn- 
holtz' used a double siren with this mod ideation, in which two 
discs were mounted on the same vertical spindle with one wind-chest 
below the louer disc, and the other above the upper disc. The 
upper wind-chost could be turned about the axis into any i%- 




tnrougL n n 



f holca. The alope of tbo bolu In choul 
I Id tlie lover righl-hniid figure, wbjvli ia B wctiai 
< u|>psr right-band liguto. 



quired position by means of a piuion gearing with a toothed 
wheel attached to the top of the chest. By this arrangement, if 
the two sirens were sounding the same oote, the difference of 
phase could lie made zero or anything desired by making the 
opening of the upper holes coincide with those of the loner holes, 
t Smaationi of Tone, Ut Gng. ed.. p. 243. 
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or lag beliind by the proper auiount. The air sti"eam was pro- 
duced by ft stiff paper turbine attached to tlie disf. Helniholtz 
succeedt'cl in producing cstroniely constant notes with this sii-en, 
and iiith a good device for recortling the number of revolutioiiK in 
a given time, it would probably be as good hs any other instru- 
ment for the determination of absolute fi-equent y. 



Scheibler's Tonometer. — lliis consists of a scries of tunii 
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forks spread over an exact octave and ascending by equal steps in 
frequency from the lowest to the highest. The steps ai-e so short 
that the beats between two consecutive forks can be easily cimnted. 
When the sei-ies is exactly adjusted the number of beats between 
all the consecutive pairs is the same. It is then easy to calculate 
the pitch of any one fork. For suppose that there are in all 
sixty-live forks, and that the lowest makes n vibrations per 
second ; the highest, being its octave, makes 2»i vibrations per 
second. The adjustment of these two with each other directly is 

Cossible, since, for a reason to be given later (Chapter X., Com- 
iiiation Tones, p. 155), any inacvuracy in tuning would lead to 
beats of freijuentv equal to the difference between 2h and the 
frequency of tlie higher fork. Let the steps in frequency of the 
intcrmetliate forks be four per second, each adjusted exactly by 
means of the licats. This can be done, since four Ixtats per 
second can be counted easily for a long time. Then the series 
of forks, which we may represent by 



64 



will have fre.,uencies 

n, n + 4, « + 3 X 4, H + 3 X 4 . . . n + 64 

But No. 64 has frequency 2ti. 

So that B + 4 X Gl - 2«, 

Hence n = 35(i 1 

and 2» = 512r 

Thus the frequency of every fork is known. 

The tonometer, though extremely tioublosomo to adjust, is, 
when once made, not only an exceedingly accurate, but also an 
exceedingly constant register of absolute frequency, for the physical 
projiertiea of forks remain practically constant. The efl'ect of 
temperature change is the only variable elenient, and this is onlv 
slight, being, according to M'Leod and Clarke, a decrease of 
frequency of about '00011 per 1° rise in temperature. 

Of course, any other source of frequency within the range of 
the tonouieter may be determined by counting its beating frequency 
witlf the fork nearest to it. If all the forks are available, it is easy 
to find whether it is sharp or flat, and therefore whether the beats 
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(ire to be added to or sublrat-teil from the fi-ctiutiicv of the fork. 
For, if sharp, it will hent more with the lower tfian with the 
higher neighbour of the given fork ; if Hat, the reverse will hold. 
If there is onlv the one fork available, then either the frequency of 
the fork or that of the source must be slightly altered. In the 
case of the fork, this may he done by loading one prong with wax. 
The effect on the beats is obviously opposite in the two cases, re- 
dncing them if the soui-ce is Hat, and increasing them if it is xharp. 
Appuiin substituted free hamioniuni reeds for forks to form a 
tonometer, but with a loss of accuracy ; for Lord Hayleigh has 
shown that the consecutive reeds aifect each other's frequencies, 
so that ft reed has different frequencies when sounding with each 
of its two neighboui^. He was thus able to explain certain dis- 
crepanciet found by Ellis between the stated frequencies of some 
forkii nmde by Koenig and those as detei-iuined by the reetl 
tonometei ' 

Graphic Method of Detebmixing Frequexcy. 

In this method either a vibrating source or a receiver affected by 
waves ft-om it is made to write its vibrations on a prepared moving 
suiface. The simplest device is illustrated by Fig. 17, where a 
light style affixed to one prong of a fork writes its vibrations on 
the surface of a drum covered ivith smoked paper. 

To meitsure the number of vibrations in a given time, the 
fork and drum may form part of the secondary circuit of an in- 
duction coil, and through the priniai-y of this short currents may 
be sent bv a clock, which makes the cireuit at definite known 
intei-vals. There will then be a spark from the style to the drum, 
which will mark the paper at each signal, and the numlier of 
vibrations between two successive marks may be counted. Another 
method of marking known intervals consists in placing a second stvle 
level with the first and working it by the cun-ents from the clonic. 

The source to be determined is to be sounded witli the fork 
and the difference of frequencies determined by the beats. 

This arrangement of fork and drum is really more often used 
as a chronograph, i.e. as an instrument for measuring intervals of 
time, assuming the frequency of the fork to be known. For 
instance, suppose that it is desired to know the exact time of fall 
of a body through a certain height, it may be made to break a 
circuit at the start and again at the arrival at the lowest point. 
If this circuit is the primary of a coil, the interruptions of current 
may be made to give sparks from style to drum ; then, on counting 
the vibrations between the mai-ks made thereby, the time of fall is 
known. 

Electric Maintenance of Tuning-Forks. — For chronographic 
and other purposes it is often necessary to keep a fork, such as 

I .Valiii-e, xvii. 1b;T, p. 13. 
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that used witli the rDvolviiig tlrum, in viliratioii for a long time 
together. The general pmidple of electric maintenance will be, 
perhaps, most easily understood from a description of tlie mode ot 
action of a fork used hy Helmlioltz, and represeiited diagrani- 
matically in Fig, 18. 

If the fork is held in position, it will lie seen that the circuit 
is completed through the upper prong of the fork, the mercury 
cnp, and the electro- magnet coils. But the poles N. and S. tend 
to draw the prongs apart) and if the fork is released, they fly 
outwards ; contact is broken in the cup, and the poles are 
demagnetised ; the prongs fly back, make contact again, and so 



1 




on, Diii-ing the outward motion of the prongs, the magnet 
is doing work on the fork, and dining the inward motion the 
fork is doing work on the magnet. If tliese quantities were e<]ual 
on the whole, no energy 'vould I)e drawn from the electrical 
svstem, and the vibrations would die away. But for two reasons, 
tlie former iiuantity of work is the greater, viz. (1) that the break 
of contact is delayed by the adhesion of the mercury to the 
platinum tip of the wire, while the make is delayed as the point 
does nut at once break through the fllm ; and (2) that the ett'ect 
of self-induction is to delay the full magnetisation at make during 
the motion inwards, and to sustain the magnetisation by the 
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extra current at break during the motion outwards. ITie balance 
of work done by, over work done against the magnet is available 




Fio. 18.— Diagram of Helmholts's Eleotrically-maintained Tuning-Fork, generally used aa 
an Interrupter. N S, adjustable pole-pieoes of an electro-magnet^ excited by a current from 
battery B, which panes up through the mercury cup C, the wire w, and the upper prong of tho 
fork back to the battery. The wire w just dips into the mercury, so that the circuit is broken 
when the electro-magnet is excited. 




Fio. 19. — Common Form of Electrically-maintained Fork. The wire w just touches the contact block 
A, when the eleotro-magnet N S is unexcited. If the wire w is removed, and an interrupted current of 
nearly the frequency of the fork is sent through the electro-magnet, the fork is kept in vibration with 
the frequency of the current. 



for the energy of sound mdiated out by the fork and the energy 
dissipated against frictional and viscous forces. 

Another common form of electric maintenance is represented 
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by Fig. 19, where the electro- magnet is placed between the 

Jirongs, and the contact breaker is a platinum wire pi-essing 
ightly against an adjustable contact block. The self-induction 
is here again, doubtless, aided in increasing the balance of energy 
suppbeil over energy "ithdrawn, by the manner in which the wire 
makes contact. 

If the inteiTUpted current from a fork, like either of those just 
described, be sent tbj-ough the coil of an electro- magnet placed, as 
in Fig, 19, between the pi-ongs of a fork of nearly the same period 
(the second fork now having no contact breaker), tlien this fork 
will be set in vibration, not in its own periotl, but in that of the 
interrupting fork ; and the nearer the two are in fi'equencv, the 
greater is the vibration of the second fork. But it is not necessary 
that the second fork shall be nearly of the samefre()uency. It is suffi- 
cient that it ia very near to one of the multiples of the fi-equency 
of the interrupter. For, as we shall see in Chapter V,, a vibration 
of given period may, in general, l>e reganied as a compound, made 
lip of a number of simple constituents or " harmonics ; " the first, 
of the actual period and fi-equency ; the second, of half the period 
and twice the frequency; the third, of one-tliird the period and 
thrice the freqnencv; and so on. If the dependent fork is very 
near in period to any one of theae haniionics which is prominent 
in the vibration of the interrupter, it will vibrate in the pei-iod of 
that hamionic. 

Stroboscopic Methods. — There is an old experiment in which 
a rapidly revolving wheel is made to appear at rest, if viewed only 
by intermittent tiasbes of light, so timed that during each 
interval of darkness one spoke moves exactly into the position 
of the next. If the wheel goes at rather less than this speed, it 
appears to travel slowly back ; and if at rather more, it apjiears 
to travel slowly forward; for, in the first case, each spoke just 
falls short of the position of the next for which it is mistaken, and 
in the second case il just exceeds it. ITtis principle has been a<lopted 
in several fonns to determine fretjuency. 

The ExperimentB of U'Leod and Clarke.'— The tuning- 
fork to be tested is fixed with its prongs (Fig. !^) between a 
revolving drum and a microscope. Lengthwise on the drum are 
ruled equidistant white lines, and an image of these is thi-own, 
by a short focus lens, into a plane in which the fork is fixed. The 
image of the lines as interrupted bv the fork is viewed by the 
microscope. When both drum &m\ fork are at rest, the appear- 
ance is as represented in Fig. 21, a. If the drum is now revolved, 
the right-hand side of tlie field will appear grey. If the fork 
is also set vibrating, and if the time of one vibration is just 
vmial to the time taken by one line to move into the place of 
the next, the division l>etween the two parts of the field will 
appear waved, as in Fig. 21, b, for whenever a white line is in 
' Phfl. Tram.. 1880. vol. 171, p. 1. 
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a^ven position, the prong of the fork is in a definite positit 
and cuts off a definite part of it, — most when the prong is at o 




-g 



Tuning rork^ □ 



♦ 



FlO. 20.— Dtsgmm of M'Leod and Clarke'i Appanil 
Frequency of a Fork. 
A rerolviiig dnim, having a, Hraduated s 



I itrip at the aide of n Tibratinj 



end, and least when it is at the other end of its swing. If the 
drum turns at rather less than this speed, the white lines have 




not moved quite so far when the same amount Is cut off, and the 
waves appear to travel slowly backward. If the drum is too 
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mpid, the moKoii appeai-s to be in tlie direction of i-otatiun. 
The speed of the di'um is under control, and a counter gives the 
total number of revolutions during a time exactly determined by 
electric signals from a pendulum. When the waves are quite 
stationary, the nunil)er of lines passing the centre of the field in 
any time is equal to the number of vibrations of the fork in the 
same time. If the waves are not stationary, the number of waves 
passing must he addc-d or suhtratted according to their direction 
of mutitiu. 

Lord Rayleigh's Method.' — If two light metal plates ai-e so 
fixed on to the ends of the pmngs of a foi-k that at the extremity 
of the outward awing they just draw apart and leave a gap, an 
eye looking through the gaji will have a view really made up of a 
rapid auct^ssion of views, one for each ^■ib^ation of the fork. By 
electric niaintenance the swing may be kept of constant amplitude, 
so as to make the gap every swing. If the eye looks at a pendulum 
through the gap, the eye will see as many })osition3 of the pendu- 
lum as there are vibrations of tlie fork in one vibration of the 
pendulum. If the period of one is an exact multiple of that of 
tlie other, the positions will appear stationary ; but if the accord- 
ance is not exact, the position will appear to cliange slowlv, 
moving forward if the pendulum gains, backward if it loses. 
This was adopted as the principle of a method devised by Lord 
Hayleigh to determine exactly the frequency of a certain fork 
marked as having freqiieney 128, tlie correctness of the marking 
being oj>en to doubt. 

A fork of frequency about 125 was electrically maintained by 
an interrupter fo' k of frequencv about ISJ. On this last the thin 
metal plates «ere fixed to form the intermittent gap, and a 
seconds pendulum (making one complete vibration' in two seconds), 
having an illuminated bead on it, was viewed through the gap; 
there were, therefore, twenty-live positions of the bead. To enable 
one of these positions to be studied, a narrow vertical slit was fixed 
in front of it. The position of the bright spot at successive flashes 
appeai-wi to move slowly back aa'oss the slit, showing that the 
pendulum lost on the fork. After a short time the bright spot 
disappeared altogether, and eighty seconds from its first appear- 
ance tlie next position had retreated so as to come into view. It 
passed acrass the slit, disappeared, and bo on every eighty seconds. 
The fork, therefore, made one more than SOxlSJ, or 1001 vibra- 
tions in eighty seconds. This gave a frequency of 1S'51S5. The 
dependent fork, having naturally very nearly ten times this fre- 
quency, was made to vibrate 125-125 times per second. The fork 
to lie tested made with it 180 beats in sixty seconds, or three 
beats per second, whence its frequeney was 128'1. A further 
ilevelopment of the method is described in the Pkilusophkat 
'I'raiuiact tons' 



' Naturt. irif. p. 12. 



» Pt. 1,1883, p. 316. 



kat^M 



+6 FRKQirENCY AND PITCH OF NOTES. 

Koenig's Manometric Flames. — Manometric tlames, or flames 
(•liitwirij; viiriiilionB of iiresaiire, are eBpecially suitable for com- 
jiariiig llu- ri'lulivt- frequencies of \n\Ks. A mamniietric Haiiie is 




urrancod us bIiohii iu Fig. 542, a. The gas, on its way to a 

t)iiihuTe burner, jiasHes through a small chamber closed on one side 
ly a uieuibraue thrtc or four oeiitimetres across. If there are 
rapid variation:) of pressure on tlie 
left-hand side of the membrane, it 
moves in and out, and rhet^ks or aids 
the How of gas to the burner. The 
flame is thus made variable, anif 
jumps up and down with a fi'equeucy 
the same as that of the membrane. 
If, for instance, a note he sung into 
a mouthpiece connected with the left- 
hand couipartineut, the Dame is 
affected. But in generwl the vibra- 
tions are too rapid to be seen sepa- 
"^""'*' nttely, and the only direct indicatitm 

of their esisteucv eonsists in the 
[lecuhar dran-n-out appearance of the flauie, as shown in Fig. "iA, 
when' a sho«-s its shape with steady pressure and b its shape when 



jumping lip anil 



:) dot 



If the eye be r^ipidly carried past the flui 



manojiethic flames. 
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its iiiteriliittent nature is at once revealed by a jagged or toothed 
appearance. To show- this properly> a cubical box (rig. 92, m) with 
a plane mirror on each of its four vei'tical sides is rotated rapidly 
about its vertical axis, and the reflection is viewed in the mirrors. 
A band of light is then seen, continuous when the flame is con- 
tinuous, jagged or toothed (as in Fig. 24) when it is intermittent. 
This figure, given by Koenig, shows the effect of sounding vowels 
into the mouthpiece pitcheii on different notes. For comparing 
the frequencies of two pipes or other sources, two nianometric 
flames may be placed close together, affected i-eapectively by the 
two sources, and their reflection compai-ed, the number of teetii in 
the same distance on each being counted. 



wrrm^^r f FFm 




ZjsaaoOQS' Metnoa ol Comparing Forks. — '! his method con- 
sists in studying the curvt's formed by the composition of the two 
vibrations to be com]»ared when they are arranged at right angles. 
We only mention it here as a possible method, but we shall 
describe it later (p. 77) when we have discussed the subject of 
the composition of vibrations. 

In concluding the subject of determination of pitch, it may be 
worth while to mention a method of determining very roughly the 
frequency of a soiuyc when that of another, say a fork, is known. 
This consists in tuning a monochord or sonometer (p. 81), so that 
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a length / in in nninon with the Hourcc of known frequency 7i, and 
then mljuHting the bridge till another length, f^ is in unison with 
the Honrce of which the frecjuency n is to be determined. Then, 
iiincc* njn^Tjly n can at once be found. 

Altkhatiox of Pitch with Motion of the Source, 

Observer, or Medium. 

DOppler'B Principle. — The commonest example of this kind 
of al titration of pitch is the lowering of the note heard from the 
whistle of u locomotive as it passes tne observer. The explanation 
of this was first given by Dcmpler, whose name is attached to the 
principle on which the explanation is founded. As the engine 
approaches, it follows up the waves which it has fii'st sent out 
in the direction of the observer, and so crowds a greater number . 
into a given length of air than if it were at rest. The number 
receivecl {K^r second is greater than the number sent out, and so 
the pitch rises. i 
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Flo. Sty. — AUomtion of Pitoh by Motion of SourM, Observer, or Medium. S and 0, initial 
pQiiUonH of kuun^o «nd olwcrrer; S'C, their |KMitiont after one second; OA=SB=U, velocity 
of sound in utiU air ; OA'c=SH'=U+ir» velocity when wind is blowing with velocity tr; 00'=No= 
telocity of ol^ienrer ; S$'km«= velocity of source. 

When, on the other hand« the engine is receding, it draws 
away fn>m the waves which it first sent out to the observer afler 
|>Assing him, and so sends fewer into a given length than if it 
were at rest« and the pitch falls. 

In obtaining an exact fonimla, which gives also the effect of 
motion of ol)siTver and of wind« we shall first find the length of 
air which gives up its waves to the observer in one secona, and 
then we sliall find tlie number of waves put into this length bv 
ilie sourct\ if the numl>er it emits per second is n. 

Referring to Fig. ^, the wa\x* which reaches O at the begin- 
ning of a secinid, is at A', a distance U + x* from O, at the end of 
tlie seci>nd, for it travels U K>latively to the air, and the air 
travels sc ivlatively to the ground. Meanwhile, O has moved 
on to 0\ a distance n^ forward* so that the waves in length 
0'A' = r -f K*— w^ ha\*e lieen received by the obsener. 

Noxx« tuniing to the source^ the wave which it emits at S at 
tlie Ix'ginning of a second is at the end of that second at B', 
a distance I'+w from S, Meanwhile, S has moved on to S'. a 
distance m, (t)rwani« so that tlie n waves emitted in the second are 



tio^-^9 and Wo = 0, w« = -^. In the first case the lowering is an 
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contained in distance S'B'=U+re^--«,. Then the number con- 
tained in distance IJ + zc — Uo will be 

U + w — I/- 
yi. ? 

V -1- av - itf 

and this is the frequency of the note heard by the observer. If 
both source and observer are at rest, or are moving with the same 
velocity, then the pitch is unaltei*ed, for numerator and denomina- 
tor are the same. If the observer and source only move slowly 
as compared with U + w, it is evident that a motion of the source 
has the same effect as the equal and opposite motion of the 
observer. But this ceases to hold for large velocities, as may 
be seen by putting 2^ = 0, and then in turn making w« = 0, 

-, and Wo = 0, w, = ~. 

octave, and in the second a fifth. The consequences of making 
f/o or Ug greater than U are curious rather than practically im- 
portant, and may be left to the reader to follow out. 

It will give an idea of the order of the eflFect if we calculate 
the speed at which two trains must be going in order that the 

Eitch of the whistle of one as heard on the other may change 
y a whole tone, i.e. in the ratio 9 : 8 when they pass. 

If n is the frequency of the whistle and ±u the velocity of 
either train, the frequfency of the note heard on approach is 

U + « 
«. — , 

U -11 
while that of the note heard on drawing apart is 

U-tt 

w. 

L -r /I 

Putting ^ U + « __ 9 U - u 

8(U + uy = 9(U - uy, 

whence, if U = 1 100 ft./sec. 

w = 32 ft./sec. 
or say ^ miles an hour. 

Doppler's principle has been verified in open-air experiments 
on railways by Buys-Ballot, Scott-Russell, and Vogel. Various 
laboratory experiments have also been devised to show the effect 
of motion of the source, of which the simplest is due to Mach. 
A whistle, or better still, a pitch-pipe, is put into the end of an 
india-rubber tube 6 or 6 feet long. ITie experimenter whirls this 

D 
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in a IiorizuDtal circle ruund his head, at the same time blowing 
into the o|Ten end. An observci' hears most distinct rises and 
falls in pitch as the sourk approaches and recedes. Koenig illus- 
trated me principle by two forks slightly out of unison, and 
luaking, say, four beats per second. On sounding these together 
and bringing the sharper towards the observer, the beats increased 
ia frequency, while on taking it away they diminished. 

The snbject is rather one of curiosity than of importance in 
Sound, but in Light its application to the light received from the 
sun and stars, and analysed by the spcc-troscopc, has enabled us 
to determine their motion relative to the earth, and has in- 
directly given us knowledge as to the constitution of the stellar 
system, which we could hardly hope ever to reach by dii-ect 
oDservation, 

Limits of Audibility. — In order that a series of waves striking 
un the car may excite the sensation of nmsical sound, their fre- 
<]uciicies must be neither too great nor too small, lying between 
limits wliich depend on the individual. When the upper limit 
is passed, the ear is unaware of the existence of sound ; and the 
variation in the position of tlie limit with dit!erent individuals is 
sometimes most strikingly illustrated when the air appears to 
one observer full of high sounds due to the chirping of grass- 
hoppers, when to anotrier with him all is silent. Accord- 
ingly, different experimenters have found very different limiting 
frequencies. Savart, with a toothed wheel, heard a note of 
y4,000. Despretz could hear a small tuning-fork of 36,864, and 
Appunn one of 40,960. Koenig constrncteda harnionicon with a 
series of bars vibrating, wheu struck, with calculable frequencies, 
and he found tliat the range varied with age, older persons not 
hearing beyond 16,384, while no one could hear 94,576. 

At the lower limit the ear may begin to perceive the separate 
impulses, but there is groat difficulty in determining where the 
sense of continuity ceases. The note sounded is always a com- 
pound ; the lowest or fundamental tone, the one to which atten- 
tion should alone be directed, being accompanied by a number 
of higher tones, the " overtones," which the observer may perceive 
and mistake for the fundamental. He is the mure likely to do 
this as the sensation of soimd ia much more easily excited by a 
given amount of energy received per second in Ihe form of short 
than of long waves; i.e. a weak overtone may be more conspicuous 
than an energetic fundamental. Helmholtz made experiments in 
which the source was a string loaded in the middle so that the 
first overtones were several oc-taves above the fundamental, and 
not liable to be mistaken for it. When the frequency was 37 
there appeared to be a sound, but at 34 there was scarcely anv- 
Ihing audible. Tuning-forks making swings with an amplitude 
of 9 mm. gave a weak drone at 30 vibrations per second, but 
could hai-dly be heard at 28. From these ex{x:nnieuts, wliich are 
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far more h'ii.st"orth_v than any eai-lier ones, we may cunclude tliat 
the lower limit is not far from 30 vibrations per second. 

The Namber of Waves in Saccession Heeded to Give the 
Sensation of Tone. — This, like the preceding, is of physiological 
rather than physical interest. Pfaundler ' experimented on the 
subject by aiTanging a "cardboard siren" with six holes. This 
was rotated 10 times per second. Instead of a single nozzle, two 
were fixed close to each otliei", so that a hole passed fi-oni one 
to the other in -aa of a second. Thus 60 times per second two 
waves were sent out at an intenal of jhu second, and a note of 
frei|iieiicy 720 could be pci-ceived, whence it was concluded that 
two impulses ui succession are sufficient to give rise to the per- 
ception of tone. Herroun and Yeo - arrived at the simie conclu- 
sion from a similar experiment. 

Another observation seems to verify this. If an observer 
stations himself near a wall on which arc impinging the waves 
from some such source as a waterfall or a milway train, each im- 
pulse enters tJie ear twice, first directly, then as a reflection ; and 
the observer accordingly hears a tone of wave-length equal to twice 
the distance between himself and the wall. The sense of pitch 
does not in these cases of two vibrations appear to be very 
definite, but when the method of exiKviment is modified, so that 
the number of successive vibrations rises to 16 or 20, it becomes 
([uite detei'minate. 

The Musical Scale. 

The musical scale is the succession of notes given, for instance, 
by the keyboai-d of a piano. After each succession of seven white 
keys, forming with the first of the next scale an octave, the 
intervals are all repeated in the same order, and the notes are 
signified by the same lettei-s. It is usual in Sound to use ditterent 
type for the di&erent octaves, and in Hehnhultz's notation the 
octave from bass to middle c is written 

The octave above is accented thus : 



The next octave has two accents, and so on. 
The octave below bass c is written 

CDEFGABc 
The octave below this 

C, D, E. F, G, A, B. C 

and each succeeding octave has another accent added as suffix. 

■ MuUet-PuniUet, 1886, L 731. * Prae. Boy. Sot., L Ko. 305, p. 31& 
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We have then 
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The investigation of the physical relations of the various notes 
of the scale, and of the physical qualities corrresponding to recog- 
nised musical effects, is oi the greatest interest and importance. 
We owe to v. Helmholtz ^ the most thorough inquiry which has 
yet been made on the subject, and the reader who clesires more 
extended knowledge is referred to his work. Here we only give a 
very brief account of the beginning of the subject. 

It has already been stated (Chapter I. p. 10) that two notes 
forming a definite musical interval have their frequencies in a fixed 
ratio in whatever part of the scale the two notes are situated. 
Thus the upper note in an octave has twice the frequency of the 
lower; in a fifth it has 3/2 the frequency, and so on. The 
musical scale may, therefore, be discussed to a large extent 
without reference to absolute frequency, the ratios being often 
sufficient. Nevertheless, each different note has a more or less 
definite frequency, or rather range of frequency, though in the 
course of time the frequency has shown a tendency to rise. 

Thus ^zzgzz or c" appears early in the last century to have 




had a frequency below 500, and to have risen to 500 or 512 by 
the time of Handel. As it continued to rise, Le. as there was a 
tendency to tune instruments higher and higher, attempts were 
made to fix the pitch. A Congress at Stuttgart in 1834 proposed 
528, and a French Congress in 1859 proposed 522. In England at 
the present time, " concert pitch '*'' gives the note a fi-equency of 546. 

But the forks made by Koenig for laboratory use are all tuned 
to the scale c" or Ut^=:612 (marked, in accordance with the 
French plan, 1024, the number of half vibrations), and this is the 
standard adopted universally for scientific purposes. 

It may here be noted that the human voice ranges over some 
three or tour octaves, the speaking voice, whi^h is lower than the 
singing voice, being, for men, usually somewhere in the octave 




below Sid C2_z: c; while the singing voice, for women and chil- 
dren, extends into the octave above c". 
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The Diatonic Scale.— We are so ticcustomcd from tlie cmlifst 
diildiiinnl Lo tlif ciialonic scale, i.e. tlie common succession of eight 
notes forming an Octave in the major mode, either throngh hear- 
iug it on pianos and othei- instrumeots or on pcalu of bells, that 
wc are hardiy inclined to regani our sense of its fitness as a result 
<jf education. Rather, we feel that had we never heard it, we 
should instinctively form it for ourselves if we attempted a 
succession of notes. But there is no doubt that this scale is, to 
each one of us, a matter of etfucation, and to the race a matter of 
slow growth. It is one out of many used at different times by 
different peoples, and finally adopted by European nations from 
its fitness to develop the style of music cultivated by them. We 
fti-e still familiar with another scale, that used in the old Scotch 
airs, and represented nearly hy the black notes on the piann. 
*' Auld Lang Syne " and "Ihe CampbeUs are Coming" will serve 
as examples of the use of this scale. The reason for the selection 
of om- present scale is still uncertain, but it appears very probable 
that it is somewhat as follows, 

'I"he music which has in course of time developed into our 
pi-esent European music has always been characterised by a " kev- 
note," or one particular note to which all the others in the melo^v 
are referred, or with which they make quite definite intervals. 
There is never a continuity of tone from one note to the next- 
Such continuity, as in the whistling of the wind, or in the moan- 
ing of people or animals in pain, is always disagreeable, perhaps 
from its a.ssociation with pain. But this avoidance of continuity 
and the use of intervals does not necessitate the actual intervals 
chosen. Were it a question of harmony or the sounding of two 
notes together, it would be easier to explain the adoption of the 
jiarticular ones chosen ; for a physical explanation can oe given for 
the pleasure or displeasure when two notes are sounded together, in 
the absence or presence of beats of a particular range of frequency. 
This is a subject to which wc shall return (Chapter X. p. 151). 
But though the pleasing intervals of melody or succession are the 
Kiitne as those of haniiony or coincidence, the scale was developed 
long before harmony was used in music, at least consciously. It 
is perhaps possible that the very early use of stringed instru- 
ments may have unconsciously inti"oduced harmony through the 
continuance of one note after the nest was struck, but this can 
hardly be a complete explanation, and we must look for something 
besides beats, some feature common to hannony and melody, to 
uccouTit for the adoption of the same intervals. The most reason- 
able explanation which has yet been given is the following, due to 
von Helmholt/.. 

Any note soiuided by an onlinary musical instrument, in- 
cluding the human voice, but excluding the tuning-fork when 
uiounted on a resonance- box, is accomjianied by a number of 
higher tones or "overtones,'" usually of twice, thrice, and so on, 
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times the frequency of the lowest or fundamental tone. Those 
notes which, sounded together, give concords have certain over- 
tones in common, and the nearer the common overtones are to 
the fundamental, the smoother is the concord. This corresponds 
to the fact that the beats are then less likely to be within the 
range of frequency which happens to be annoying to the ear. 
If the two notes forming a pleasing concord are sounded, not 
together, but in succession, there are no beats ; but still the ear 
takes pleasure in the common quality, the possession of common 
overtones, though of course we do not consciously recognise their 
existence except after special training. The transition from one 
note to the next most likely appears less abrupt when there is 
something the same in both, somewhat as, in watching a dance, 
we are more pleased if a change is made from one evolution to the 
next by proceeding from some posture common to the two. 

Accepting this as the principle on which the scale is founded, 
we may conveniently use it to derive the scale from our present 
standpoint rather than by going, in the historical method, through 
all the steps (many of them failures) taken by our ancestors. 

In harmony the concords of two notes within the octave are 
the following : — 

Interval. ^^^J^f-^ ^JLt/J^ %^L^;. 

Octave 2:1 C c 

Fifth 3:2 C G 

Fourth 4:3 C F 

Major third . . . .5:4 C E 

> Minor sixth . . . .8:5 E c 

Minor third . . . .6:5 A c 

Major sixth . . . .5:3 C A 

These give us in all five different notes, C E F G A c. The two 
intervals C — ^E and A — c are much gixsater than the othei's, and 
they may be filled up by starting with G as the keynote and 
supplying the notes standing to it in the same relations as E 
and G stand to C. The former is B and the latter d in the next 
octave. Bringing it down an octave gives us D. We then have 
eight notes, and the frequencies are easily seen to be as under, 
taking C as the unit — 

CDEFGABc 

1 5 4 .1 5160 

^ IS X ^\ S "S T ^ 

This is knoi^n as the diatonic scale. 

It will be observed that the numbers in the numerators and 

d^ominators of the ratios are, in each case, the smallest possible to 

* •. note in the same neighbourhood. Thus, taking C — B, -V-, 

* ratios with lower numbers are -^ and ^. llie latter 

octave C, and the former is nearer to A than to B. 
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To get any note close to the position occupied by B, then, we 
Khould require larger numbers, such as jj or J^. Thia sinallness 
of the numbers expressing the ratios is also the condition for the 
possession of the lowest possible overtones in comniou, i.e. those 
nearest to the fund amenta I. 

The intci'vals in the diatonic scales between successive notes 
are of three kinds, ^-iz., — 

Major tone, viz. C— D, F— G, A— B, ^ 
Minor tone, „ D— E, G— A, \" 
and Major serai-tone, E — F, B — c, JJ 

As long as we relate all the notes to C, the diatonic scale is 
sufficient ; but frequently the keynote is changed, and then new 
notes are required, not contained in the scale of C. We shall see 
tliis at once if we construct the diatonic scale of G as in the 
second line of figui'es in the Tabic on the next page, where the 
first line is that of C with the frequencies given for two octaves. 
We start with C— 24 to avoid fractions in that scale. 

It will he seen that most of the notes in the scale of G coin- 
cide with notes in the scale of C, but that two differ. Near A we 
have one in the ratio 40J/40 or 81/80 to A. This interval, which 
is also equal to | -r Vt <"' the diHerencc between a major and a 
minor tone, is termed a comma, and is so small that the ive of 
the C scale may be substituted for that of the G Scale without 
serious annoyance. But near y we have a note in the ratio 
67i/61 or 135/1S8 to/, and this is an interval which is very 
perceptible. A new note is therefore necessary, which is termed 
_/■ sharp (,/'jf), and the interval 135/128 is termed a sharp. Let 
us now take as keynotes in succession D, A, E, B, which nearly 
represent, in the octave C-c, the successive fifths from G, viz., 54, 81, 
IQIJ, 182^, Forming the diatonic scales starting from these (as 
shown in the Table), each introduces one more sharp besides those 
already required, and thus we get one to each of the notes C, D. 
F, G, A. 

If we now begin afresh and go down by fifths from C=24, we 
have 24 X J, 24 X (|)% 24 x (^Y, and so on, of which the represen- 
tatives in the octave C — c are 82, 42g, 28J, and so on. Starting 
with these as keynotes, the first. F, requires a new note, 42J, near 
It, and at the interval || J below it. This is termed B flat (Bti). 
It does not coincide with A sharp, which is 42/j, but makes with 
it an interval of sS'Si which is rather less than a comma. The 
second, 42}, Bb, is the new note just supplied, and it requires 
another new note, EIj, at 56^ or 28J. Tliis is the third keynote, 
and itself introduces A)). Proceeding thus, we inhoduce a new 
flat with each scale. There are also a number of notes which 
make a comma with those of the original scale. Continuing tlie 
formation of the Table, we ultimately obtain, besides the seven 
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notes C D E F G A B, sharps and flats to each, at intervals respec- 
tively |4t *nd -J^f from them, and also a number of notes making 
the small interval of a comma with the original or the suj^le- 
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mentary notes. In fact, if we strictly follow the most pleasing 
melodic intervals, each new keynote introduces new notes, and 
the number very soon mounts up to a considerable sum. These 
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notes Are only prai-ticable, on instruments such as the voice or 
the violin, nitli a continuous rftiige. On instruments of the key- 
board tj-pe, where an indefinite multiplication of notes would be 
cumbrous and mcchanicallv impracticable, a limited scries has to 
serve for all, and a rompn)niise must be matle, so that the best 
representation possible shall tie made of the different intervals. 
This compromise is termed temperament. 

After attempts at various nimibers of notes in the octave 
running from 21 downwards, modem practice has at present 
settled down to 12; and after various modes of adjustment of 
these to give as nearly as possible the diatonic scale for favourite 
keys, the plan now universally adopted really discards the diatgjijc > 
scale, and divides the octave into 12 equal intervals, each^w* 
The convenience of having all the keys equally bad seems tote 
greater than that of having stime better and some worse. Hecently» 
however, there has again been a tendency to use more notes m 
the octave, so as to approach once more the "just" intonation 
of the diatonic scale, and several keyed instruments have been 
devised with this aim. Probably, with the more perfect mechanism 
now at conmiand, such instruments will be made practical and 
convenient, and ultimately the equal temjierament will give place 
to n nearer appi-oach to the ideal in whicli each key is diatonic. 

In conclusion, it should be oljserved that compromise or tem- 
perament is not a question merely of instruments and mechanism, 
nut is a necessity in music from the incommensurability of the 
different intervals. Taking, for instance, the intervals JJ, ^, f, 
tlic result of any progression fixim a keynote by a series of these 
intervals may be represented by 2', (4)"*, (i)", where the index of 
cfich is the number of times of ascending in excess of those of 
ilescending through the interval. If we are to i-etum to the key- 
note, then the product must equal 1, If/, in, and n, are integers, 
i.c- if we keep to the exact intervals, then 1=0, m = 0, and n = 0, 
iir every step in ascending must he exactiv retraced somewhere 
in descending. But this would be too rigid a rule to follow. 
Consequently the intervals are slightly altered or tempered, so 
tliat, ascendmg by one set, the keynote may be reached on descend- 
ing by a different set. As Herschel says,' " Any one who should 
keep on ascending by perfect fifths, and descending by octaves or 
thirds, would soon find his fundamental pitch grow sharper and 
sharper till he could at last neither sing nor play ; and two violin- 

1>layers accom|)anying each other, and arriving at the same note 
ly different intervals, would find a continual want of agreement." 






CHAPTER IV. 
RESONANCE AND FORGED OSODJLATIONS. 

Contents. — Resonance illustrations by Pendulums^ Carriages, Bridges, 

and Musical Instruments — Forced Vibrations. 

Every one knows that a gas globe or a wine-glass may be set 
in vibration in sympathy with its own note sounded from an- 
other source. This is an illustration of the veiy important and 
meral Principle of Besonance, of which numerous examples may 

found in Mechanics, Light and Electro-Magnetism, as well as 
in Sound. In all these cases, some body or system having a 
natural period of vibration of its own, is set vibrating by the 
vibration of another body or system of the same period. The 
simplest mechanical example is given by suspending two simple 
pendulums of the same length (and therefore of the same fre- 
quency) from a flexible support, such as a stretched india-rubber 
cord. A third pendulum of different length should also be sus- 
pended for the sake of contrast. If one of the equal pendulums 
is set swinging, it will gradually share its motion with the other, 
and, in time, the two will have nearly equal amplitudes. But 
the third pendulum will never swing tnrough more than a 
small arc, and careful watching will show that it keeps getting 
up to a certain amplitude, an4 then decreasing agahi to no 
swing. This gives us the key to the explanation. 

Let us call the two equal pendulums, A and B, and the third, 
C ; and let A be set swinging. As it swings to and fro it sends 
waves of disturbance along the flexible support which pass on to 
B and C. For simplicity, we shall suppose each wave as equiva- 
lent in its action on the pendulum mass to a single impulse, i.e. 
of a force applied in one direction for a short time, there being an 
interval between the impulses equal, of course, to the time of 
swing of A. We may think of the impulses as due to the sudden 
motion to one side of the point of support, and the consequent 
inclination of the string, so that the tension of the stidng has for 
a moment a horizontal component. 

Consider first the effect on B. The first impulse disturbs it 
from rest, and it swings out and back again, and would go on 
swinging to and fro, the swings decreasing through friction, &c. 
But when it has just gone through a complete swing, and is again 
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moving as in the first moment, the second impulse arrives, mid tlie 
motion being in the same direction as that produced by the first 
UDpuIsc, the second impulse does work Upon B, i.e. gives it energy 
and increases the swing. ITiis increase goes on with each snccessive 
impulse until the amount of cnei^y put in is equal to that sent 
back, sent out, and lost by air-resistonce, &c. Now consider the 
effect on C, and, for simplicity, let us take the case in which the 
difference of period between A and C is hut small. The first 
impulse disturbs C, just as it disturbed B, and the mass swings 
out and back again, and would continue to swing slightly to and 
fro for ft time in lessening arcs. But when it has either nearly 
completed its swing (if it is longer than A), or has rather more 
than completed it (if it is shorter), the second impulse arrives; 
hut it is still moving in the original direction, and so it has work 
done upoTi it, i.e. it receives energy. The swing, therefore, in- 
creases. The third imjHiIse arrives during tlie next swing, when 
it is again moving in the original direction ; but this time it is 
further f'l-om the centre. The successive impulses are received at 
points further and further from the centre, till at last they come 
when C is J awing away from the centre. After this C is moving 
in the opposite direction when they asrive, and now they oppose 
the motion or take energy away from C. nie swings, therefore, 
gradually damp down to zero, and C is at rest. But then the 
impulses act exactly as before, and the swings begin to grow again, 
and so on for some little time. Ultimately, as we shall explain 
later, the pendulum will make a sort of compromise which will 
enable it to swing in the period of A. 

A curious example of the effect of one pendulum on another 
of nearly the same [>criod has sometimes been obser\'ed in the 
action of two ckwks upon each other when fixed against « common 
and not quite rigid sup|H)i-t. One clock has gradually lessened 
the swings of the pentfuium of the other until it has stopped. 
The explanation is obviously of the kind we have just given for 
the effect of the jjcndulum A on the pendulum C, 

Many other examples of Mechanical Resonance will be ohscrvetl 
when the attention of the reader has once been directed to the 
subject. Thus he may note that a two-wheeled vehicle often gets 
up (juitc a considerable swing when the horse trots at a particular 
pace, the time of sh ing of the vehicle then agreeing with the time 
of oscillation of the horse in trotting ; or ne may observe the 
awing of a railway carriage to and fro when its speed is just such 
as to make the impulses due to the intervals between successive 
rails sjTichi-onise with the natural vibrations of the carriage on its 
springs. A change of speed at once reduces the swinging. 

Many years ago, before the principle was fully understood, or 
at least supposed to touch practical matters, a suspension- bridge 
at Manchester broke clown when a troop of cavalry was crossing 
it, the step of the troop just keeping time with the swing of the 
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bridge, and thus making it move beyond the limit of safety. Now 
bodies of troops, either horse or foot, ahvays break step on crossing 
such a bridge. 

The most striking illustrations of resonance are observed in 
the case of Sound, and we shall describe in the next chapter the 
most important application of the principle in the analysis of 
vibrations. Here we shall mention some simple cases which may 
be known to the reader, or which he may easily observe for 
himself. 

A familiar case is that of a gas globe or a gong suddenly set 
vibrating by its own note from another source, say a voice sounding 
loudly in the same room. 

Any hollow vessel, such as a vase with a neck, has a natural 
note, which may be obtained by blowing gently across the opening. 
If the vase be held up to the ear — not too closely — and the same 
note is sounded on a piano or sung, the vase sounds out loudly to 
the ear against which it is held. By partly closing the opening 
with a card or with the hand, or by varying the space between 
the vase and the side of the head, its natural note may be varied, 
and so it may be tuned to exact resonance with a note to which it 
would not otWrwise respond. 

If the pedal of a piano is pressed down so as to free the strings, 
and a note is sung into the instrument, that note is at once taken 
up and "echoed*''* back. This, of course, is really resonance. 
Further, the note sung into the piano is really a mixture of a 
number of simple tones which combine to give it its special 
quality. Each of these tones is taken up by the piano string of 
the same tone, so that the note returned has much of the quality 
of that sung into it. 

Perhaps the most remarkable case is that of two tuning-forks 
mounted on resonance-boxes and exactly tuned to unison. If one 
is bowed in the neighbourhood of the other, and then damped to 
silence, the second is found to be sounding loudly. Releasing the 
first, and then, after a short interval, damping the second, the first 
is found to be sounding, and so on. When the first vibration is 
large, the energy of vibration may be passed to and fro several 
times in this way. 

Forced Vibration. 

Resonance may be regarded as a limiting case of a more 
general principle, which asserts that if a periodic force be applied 
to a vibrating system, the system will ultimately vibrate in a 
period the same as that of the force. Its vibration is then termed 
forced. 

After the first application of the periodic force, some time is 
required for the system to settle down. At fii-st, as in the case of 
the unequal pendulums, the vibration is intermittent, through a 
struggle, as it were, on the part of the vibrating system to assert 
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its own period, and the frequency of tlie intermittence is equal to 
the difference of frequencies of the system and the force. In the 
case of an electrically-maintained fork worked by an interrupted 
curreut of a period slightly different from its own, beats are plainly \ 
heard at first. But in time these intermittent natural vibrations 
die away, and the system adjusts itself in some way to the time 
of the applied force. How this may happen will be understood 
from a consideration of the case of a simple pendulum, of which 
the point of suspension is obliged to vibrate in a given period in 
a horizontal line. Fig. 26 shows how the pendulum vibrates when 





Fio. 26.— Forced Vibration of 
a Pendulum when the 
point of suspension is 
moved to and fro in A B 
in a period corresponding 
to lenfi^h, OR, g^reater 
than its own. 
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Fio. 27.— Forced Vibration of the 
same Pendulum when the 
period corresponds to length, 
OR, less than its own. 



the applied period is longer than its own. If A C B is the line 
in which the point of suspension vibrates, and if O C R is the 
length of pendulum which has the applied period ; then the pendu- 
lum swings sensibly as if it were part of a pendulum of length 
O C R, the line of the string always passing through O. It may 
easily be shown, if small quantities are neglected, that this motion 
will give the horizontal force requisite for the vibration in the 
applied period. 

If the applied period is less than the natural one, the pendu- 
lum vibrates, as shown in Fig. S7, the string always passing 
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through O, where O R is the length which would have the applied 
period. The pendulum then arranges its arc of vibration so that, 
with the given motion of the point of support, it virtually forms 
part of, or makes part of itself into, a pendulum of the given 
period. It is noteworthy that the phases of vibration in the two 
cases are opposed to each other. 

We shall now consider a rather more general case. Let a mass 
M be attached to a spring, or in some way controlled, so that at 
distance d from its position of equilibrium the force acting on it 
is-Ti^Md; the acceleration is then^d, and the natural period 
9>7r/n. Now let a forc«*P sin pt^ i,e, one having a periodic variation 
in time ^Tr/p, be applied to M. Evidently M arranges its mode 
and extent of vibration so that the natural and applied forces 
together give a force of the magnitude required to make M vibrate 
with a certain amplitude in the applied time. The acceleration 
at distance d must therefore b^p-^, and the force applied and the 
natural force of the system must combine to give this acceleration. 
This requires A- 

- u^Md + P sin // ^p^Md 



whence , P sin 



^ 



If p is greater than ?i, d is positive, or the applied and natural 
forces agree in phase. If, however, p is less than ti, they are 
opposite in phase. This is the result we have already seen to hold 
in the case of the simple pendulum with a vibrating point of sus- 
pension. It may be verified by suspending three very nearly equal 
pendulums. A, B, C, in descending order of length, from a flexible 
support. On setting B vibrating, A and C w ill ultimately settle 
down to vibrate in opposite ways. 

From the resultnig value of d, which we have just found, it 
appears that the nearer p and n are, the greater is the amplitude 
of vibration, and that if they are equal the amplitude is infinite. 
In practice there is radiation and dissipation of energy, and the 
amplitude only increases to the point at which the energy radiated 
ana dissipated is equal to that put in by the workmg of tlie 
applied force. As the radiation and dissipation increase with the 
amplitude, this point is reached sometimes before the vibrations 
become very large, even when jc?=w. 

Another result of the loss of energy is that the phase of the 
forced vibration is not exactly either in agreement or in opposi- 
tion, but difiers from that of the applied force by an amount 
depending on the difference of i^eriods. 

It is obvious that if we have /? = n, it is simply a case of 
resonance, which may be described as forced vibration with 
equality of period. 



CHAPTER V. 
ANALYSIS OF VIBRATIONS. 

Contents. — Mathematical Analysis of Vibrations by Fourier's Theorem — Ex- 
perimental Verification by Resonators — Quality dependent on the Con- 
stituents — Methods of Recording Vibrations — Composition of Vibrations 
— Vibration Microscope. 

Any vibration of a point in a line may be i-epresented in a plane 
figure by a time-distance diagram, i.e. a diagram in which the 
abscissae are the times from some chosen instant, and the ordinates 
the distances at those times from some chosen position. Thus a 
tuning-fork >vriting on a revolving drum traces its own time- 
distance diagram if the drum turns uniformly. If the vibrations 
exactly repeat themselves after a certain time, the curve represent- 
ing ttiem exactly repeats itself after a distance represented by the 
time. Such a curve is termed a Periodic Curve. We may con- 
veniently term the shortest distance in which the curve repeats 
itself the period or the wave-length, denoting it by \. If a line be 
drawn parallel to the base line, and at such a height that the 
curve encloses with it equal areas above and below, this line is 
termed the axis of the curve. The axis is, in fact, at the mean 
level of the curve. The points at which the curve cuts the axis 
are the nodes. 

The curve of sines or the harmonic curve is the most 

important periodic curve and the simplest, in that all periodic 
curves may be built up out of a number of such curves as con- 
stituents. The general fonn of the curve of sines may be obtained 
by the reader if he will mark as abscissae on a base line, say 
every 10°, from 0° to 360°, and then plot, as ordinates, to any 
scale the values of the sine as given in any table of natural sines. 
In this way Fig. 28 has been drawn, one curve being on half the 
scale of the other. 

The cui-ve evidently represents the equation — 

If ==: a sin rue (1) 

where a is the maximum ordinate and n determines the length 
which shall represent 360°. We may put the equation in a more 
general form, which allows us to measure a: from any point, not 
necessarily a node, jand which at once gives the length represent- 
ing 360°, viz. — 

^ = osin-j^(x~a) (2) 
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Here a is the uiaximum ordinate, which is termed the amplitnde. 
Every addition of \ to the value of x gives the same value of 7/ 
again, and this is the shortest distance in which the curve repeats 
itself. It is termed the period, or the wave-length. The successive 




^*io' 



Fio. 28.— Curves of Sines. Ordinates of lower half those of upper. 

points of intersection of the curve with the axis are alternately 
ascending and descending nodes, and are at intervals of - along the 

axis. ITie position of the first ascending node is given by a or 

, acccordmg as we measure by 



t'O. 



time or angle; either of these 
is termed the epoch. The angle 

— {x — a) gives the position of 

the point on the curve, i.e, tells at 
what part of the curve it is situated, 
and is termed the phase. 

If we take the abscissa to repre- 
sent time and the ordinate distance, 
the curve given by equation (2) re- 
presents the time-distance diagram 
of a certain simple harmonic motion. 
For if a point P, Fig. 29, moves with 
uniform • angular velocity, fti, round 
a circle of radius a, the point N, the foot of the perpendicular on 
any chosen diameter, AA , possesses, by definition, a simple harmonic 
motion. The displeu^ment of N is evidently 

CN = y = a sin w (/ - a) 
= o8m-^ (x- a) 




Fig. 29. — Simple Harmonic Motion. 
y=a sin w (t-a). 
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if we write x for t and Stt/X. for w. The periodic tirae of the 
motion is ^tt/qi or X, the amplitude is a, and the acceleration at 
distance 1 isi^^ qj. 47^-2^x2 i^g m^y ij^ i^igpd experimentally by 

allowing a tuning-fork (which has a nearly perfect simple harmonic 
motion) to write its record with a nearly rigid style transversely on 
a uniformly revolving drum. The curve is sensibly a curve of 




Fio. 80.— I. and 11. Harmonic enrroB of equal epochs and amplitudes ; period of 
i double that of II. IIL The curve formed by their superposition. 

sines, and is evidently a time-distance diagram. The curve of 
sines is also a curve of cosines if we measure x firom a point -- 
to the right of the original point ; for, putting 

4 



we have 



. 2ir/ . A \ 
y = asm-j-(x4---aj 

-fl8inJ_(x-a) + -J 



a cos — (y - a). 
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The reader will easily see tliat any one cuire of aiiies may be 
made into any other by two simple strains, one along the axis, 
making the wave-length of the first equal to that of the second, and 
the other, perpendicular to the axis, making the amplitude equal. 

Superposition of Harmonic Curves. — If a curve he drawn 
with the ordinate at any [xiint equal to the algebraic sum of 
the ordinate^ of two or more curves at the sauie point, or at 
points with equal absciswe, it is said to be formed by their 
superposition. In Fig. 30, III. is formed by the Buperposition 
of I. and II., and the reader may verify this by measiirmg the 
ordinatcs of I, and II. for equal abscissa;. Their algebraic sum will 
be found e(|ual to the ordinate of HI. for the same abscissa. 

There is one case of superposition worthv of special notice, 
that in wliich the two components are harmonic curves which have 
the same period. The reader should draw two such curves, and 
show graphically that the result of their superposition is a third 
harmonic curve of the same period. Analytically, this can be 
shown from the equation — 




,.='(x-.). 



"■,'('-« 



ii be reiiuced lo 



wliere 
and 






Saperposition of Harmonics with Commensurable Ferioda. 
— A periodic curve may be regarded as repeating itself, not only 
after one period or wave-length, but also after two, after three, 
or after any whole number of periods. If, then, any number of 
hannonic curves have periods each some aliquot part of a given 
period, each will repeat itself after tins period; and if they be 
superposed, their sum will also repeat itself, or will form a penodic 
curve of the given period. Not only is it true that harmonics of 
commensurable periods will build up into a periodic curve, but it 
can also be proved that, conversely, any periodic curve whatever, 
if only of such kind that it is a possible time-Jistanro diagram, 
may be built up of harmonics of periods which are aliquot parts 
of the period of tlie curve. The general statement of this most 
important result is as follows, and is known from its discoverer as 

Fourier's Theorem, — Any jieriodic curve of period X, which 
is continuous, always at a finite distance from the axis, and with 
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■only une ordinate for eadi iibsi-ksa, may be foniied by tlie supcr- 
positioD of harmonic turves of wave-lengtha X, -, =', j, by properly 
adjusting the epochs and amplitude.s of the constituents, aud there 
is only one set of harmonics which will thus form it. 

The reader may be refciTcd for the proof of this theorem 
to mathematical treatises such as Donkin's Jcoii^t'u/t, where he 
will find i-ule.s for determining the enochs and amplitudes of the 
various constituents when the form at the jjeriodic curve is given. 
For our pur|)ose tlie general statement is sufficient. 

One particular case should be specially noted — that in which 
the beginning, half-way point, and end of the jxiriodie curve are 
on the axis or have zero ordinates. In this case, all the con- 
stituents have nodes at the same three points. 

ITie harmonic curves of wave-lengths X, 5, i. Sic, ai-e described 

AS the harmonic series for a periodic curve of lengtli X, and each 
is termed a haimonic of the curve. We shall illustrate the im- 
portance of Fourier's theorem in the theory of sound bv stating 
nere some results of the investigation on the transverse vibrations 
of stretched strings given fully in the next chapter. 

Let us suppose o stretched string of length /, with its ends 
fixed, to be slightly displauxl from its equilibrium position into 
a plane curve of any form, and then to be suddenly released. The 
curve of initial displacement may be regarded as one-half of a 
periodic curve of length 2?, with nodes at the two ends of tlje 
string. By Fourier's theorem it may be resolved into harmonics, 

all with nodes at the two ends, of wave-lengths 2/, ^ , :, , and so 

on. Now, when a string is stretched into a curve of sines and 
let go, it may be shown that it will always remain a curve of sines 
with the same nodes and wave-length, the amplitude only changing. 
The time of vibration is proportional to the wave-length. Further, 
if a number of such displacements coexist, each may be considered 
to exist independently of the rest. It therefore follows that all 
the harmonics in tlic original displacement will pereist, and will 
have times of vibration, T, T/S, T/3, . . . where T is the time of 
the harmonic of length 2/. Evidently, after time T the string will 
return to its initial position, and not before that time. Since all 
the harmonics persist, and since there is only one way of building 
up a curve by harmonics, no new harmonic can come in iu the 
courae of the vibration. 

We may regard each mode of vibration as sending out 
its own wave into tlie surrounding air, or through the snpporb 
of the string. Or, taking the complete waves sent out by the 
eomplete vibrations of the string, we may analyse these waves 
into their harmonics by Fourier's theorem, and we get the same 
result. 
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The Existence of these Harmonic Vibrations may be 
detected by Resonance. — Lei a second string bf exactly tuned 
to iniisoii uitli «ji_v oiLf (if the harmonics of the originiil string, 
Rnd let it be in material cotiiiectioii with it — say on I' 
resonance-box. Then, if that harmonic is present in the vibra- 
tion of the tii-st string, the second string will take up energy from 
it, and w-ill be set in vibration. It must be remembered ttiat not 
every harmonic will be pnsent, for the amplitude of some in the 
original displacement may Ire zero, so that the second string will 
not always vibrate, even when its time of vibration is an aliquot 
part of tliat of the iirst. It is always easy to detect at least two 
fianiionics by the foi-egoing method in a piano. Holding tiown 
the key of c and striking C several times sharply, c will be heard 
sounding when C is silent again. Or holding down g-, the nest 
harmonic of C, it too may be made to sound ; and c' may probably 
be obtained. 

The harmonics may also be detected by "Resonators," or hollow 
globes with orifices, tuned so that the air within vibrates with 
* H particular tone. The usual 

form of resonator, which is 
due lo V. Heliuholtz, is shown 
in Fig. SI, a smalt tube which 
is applied tn the ear allowing 
the vibrations to be plainly 
heard. Witli a series of re- 
sonators forming the harmonic 
series for a given note, it i."; 
easy to determine which har- 
monics are present when that 
note is sounded on a piano or 
organ, 

Simple Tones. —If a vibra.- 

lorBceivathaBidtingwsYOs; anirroKoriHce. tion is a simple haruionic 
/.. at the other lo ooaduct tbe Tibrations to motion of Small extent.itgives 
""'"■ rise to waves of which the 

displacement diagrams are 
harmonic curves or curves of sines. These are, as far as Fourier's 
tiieorem is concerned, simple ciu'ves, since they cannot be further 
rcbolved thereby. 'ITie sounds which they escite are termed 
Simple Tones. 

The Ear probably Contains a Series of Eesonatora.— It is 
very probable that the ear is a kind of practical Fourier's tlicorem. 
It is supposed that certain fibres — the fibres of Corbi — are tuned 
so as to respond each to a particular vibration, or at least to vibra- 
tions within a narrow range. When a series of compound waves 
disttu-bs the auditory apparatus, each fibre takes up its own waves 
and so breaks up tbe compound into its constituents. But this 
h {Krhaps rather a speculation than, as yet, an ascertained fact. 
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VERIFICATION BY RESONATORS. Gi) 

An account of the subject will be found in v. Helmboltz's Sensa- 
tions of 'Fane, ed. 1875, chap. vi. There can be no iluuht, how- 
ever, that in a mixture of tones, as in a harmony with the various 
iiarts, each tone excites a separate sensation ; for, if the attention 
IS properly educated, it is easy to follow the different parts. Even 
when a single note is played, an ear trained for the purpose will 
be able to detect some of the harmonics. 



Quality of Mdsical Sound. 

In the first cliapter we stated that the quality of a musical 
soinid depends on the form of the waves exciting it. Taking the 
conventional repri'sentation of the wavas by a displacement dia- 
gram, we have tor a scries of regular waves a periodic curve, and 
we may say that the quality depends on the form of this ciu-ve. 

Applying Fourier's theorem, each wave may l>e broken up 
into a nuniber of harmonics, and the number, amplitude, and 
epoch of these will vary with the form. For any given fonii 
there will be a pei-fectly definite set of constituents definitely 
arranged, which may be regained as building up that fonn. Tlie 
quality of a sound which coiTesponds to regular waves depends, 
thei-efore, on the harmonics into which the waves can be resolved. 
It is convenient to use the term note for an ordinary compound 
sound to which a definite pitch may be assigned, and the term 
tone for each simple harmonic constituent which goes to form it, 

A very important question arises now, viz., does the quality 
depend on the relative phases or on the epochs of the consti- 
tuents of a notei' Some apparently quite decisive experiments 
were made by v. Helmholtz which gave a negative answer to 
this question. He used as a source of sound a cylindrical 
hollow metal I'esonator, with a circular bole in one end, which 
could be closed to any desiivd extent by a sliding circular lid. 
This was placed with the hole close to an electricallv main- 
tained fork with which it was in unison, and consequently there 
was resonance. When the hole waa quite open the unison was 
perfect, and there was complete agreement in phase. But on 
gradually closing the hole by the lid, the natural frequeocv of 
the resonator was raised more and more above that of the fork, 
and theory shows that the forced vibrations of the resonator 
differed more and more in phase from the exciting vibrations of 
the fork with which they were forced to agree in fretjuency. A 
set of forks with i-esonators of this kind was prejiared, consisting 
of I)[» and the next seven harmonics. When any combination of 
these forks was made to sound, and the phases were varied while 
the intensities were kept practically constant, the variations iu 
phase could not be observed to produce any change in quality; 
while the quality was quite altered by changes in the numher 
and strength of the constituents. 
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An account of the mixture of hnmionics giving their peculiar 
i)ua]lty to the notes of various coiiinioii musiuil instruments will 
he found in Helmholtz's Sensatioia of' Tone, chap, v. 

The Components of Vibration are sometimes Inharmonic- — 
In many ciises, especially when the restoring force of the vibration 
is due to the rigiditv ot the material, the frequencies of vibration 
of the constituents of a note are not harmonics. In a tuning- 
fork, for example, the frequencies of tlic simple tones making up 
the note given out are in ratios 1 : 6'95 : 17'5 : 343, &c. In 
such a case Fourier's theorem docs not give us the forms of the 
different modes of vibration. Thus, suppose that we have a 
fork vibrating only in one period, and giving its fundamental 
note alone, its fonn will not be a cur\e of sines or any part 
thereof. Conversely, if we displace the fork so as to make it 
take the form of a part of a curve of sines, on being released it 
wiU not maintain that shape, but will break up into constituents 
of different shape. In fact, Fourier's theorem is only one jMtr- 
ticular mode of resolving a curve, which is the easiest in its 
mathematical investigation, aud which happens to cori'espond 
to the physical properties of certain vibrating instruments. But 
in other cases other motles of resolution are applicable, and other 
series of tones are then obtained. In these cases the higher tones 
obtained are termed overtones or upper partials. 

Vowels. — The most interesting example of the correspondence 
of qualitv of sound to a given mixture of tones is giveti by the 
various vowel sounds produced by the human voice. The organ 
of the voice is essentially a double reed supplied with re.sonancc 
cavities in the throat, mouth, and nose, the shape of which the 
speaker can vary at will. Each vowel sound has in it certain 
definite tones, whatever the fundamental tone in which it is 
uttci-ed, the resonan.ce cavities above the vocal chords being 
adapted to reinforce these particular overtones in the souud 
uttered by the vocal chords. Tliis was first stated by Wheat- 
stone. Helniholtz, to whom we owe the most extended investi- 
gations on the subject, produced the vowel sounds by various 
mixtures of simple tones produced by resonators to tuning-forks, 
though before him various investigators, among whom Willis had 
been most successful, had succeeded in producing the vowels arti- 
ficially. Helmholtz gives the following as the tones forming the 
basis of the vowels written under them : — 
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Different investigators differ ia their deterniinations of the vowe! 
constitueots, ana this we might expect, since common experience 
sufficiently shows that no two voices agi-ee in giving the same 
quality to a given written sound. 

Graphic Mode of Recoroikg Vibrations. 

The PhoDautO^aplL — ^I'his is an instrument for recording 
the vibrations corresponding to various sounds, writing them 
down entire without any analysis. It consists of a piintholic 
reflector, with a membrane stretched across the narrow end at the 
focus. At the centre of the membrane, on the side awav from 
tlie reflector, is a style wliich writes on a revolving dmm covered 
with smoked paper, the motion of the style being parallel to the 
axis of the drum. The asle of the drum being cut with a screw- 
tlircad, the drum moves forward as it is turned round. Any 
series of waves sent into the cavity of the reflector set the mem- 
brane vibrating, and its motion is recorded on the drum. 'ITiis 
instrument is diiefly of interest now in that it was a great step 
towards a most remarkable invention, viz.— 

Edison's Phonograph. — This is an instrument which not only 
recoj-ds the sounds which it receives, but also reproduces tliem. 

Like the phonautograph, it consists of a stretdied membrane. 
with a style at its centre recording on a drum ; but instead 
of making the vibrations parallel to the axis, the style moves 
in and out, ploughing its way through the surface of the material 
of the drum, and recording the vibrations by a furrow of varying 
depth. In the original form of the instrument. Fig, 32, the (frum 
had a screw-thread on it of the same pitch as that on the axle, 
and a sheet of tinfoil was wrapped round the drum. The style, 
which had a blunt point, indented the foil along the screw-thread, 
and the varying depth of the indentation recorded the vibrations. 
The drum was brought back to its original [losition and the style 
was allowed to press against it, so as always to be at the bottom 
of the indentation. Ou turning the drum at the same rat« as 
before, the membrane was made to execute the vibrations recorded 
ou the foil, and so gave out again the waves at first put in. Hiit 
the membrane did nut reconl all the original vibrations in the 
same proportion, so that the reproduced sounds were very different 
in quality from the original ones, though words could often be 
easily recognised. In later forms of the instrument devised bv 
Tainter and Bell, as well as by Edison, the tinfoil cylinder is 
replaced by one of was, say 4 inches long and 1^ inches in 
diameter, which can be turned by a motor at a very exactly 
governed speed. A cutting -tool first turns a smooth screw- 
groove in the wax, and then the cylinder is brought back to 
tiie initial position. A mouthpiece closed by a membrane, 
w hich may be of glass, say n^jf inch thick, is placed in pusition so 
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that a recording style, which is fixed to the centre of the 
membrane, may reach to the bottom of the groove. The cylinder 
is then set in motion, and the words to be recorded are spoken 
into the mouthpiece, and duly imprinted by a series of varying 
depths in the wax. To reproduce the sounds, a second membrane, 
say of oiled silk, with an attached blunt point m place of a style. 




h' 



Fio. 33. — Pendulam hung by string so 
as to execute two vibrations at right 
angles, one in the plane of the figure 
corresponding to length CD, the other 
in a perpendicular plane corresponding 
to length ED. The timet are in the 
ratio <^CD/ED. 





Fio. 84. — ^Diagram of Harmonograph. 
The pendulum A vibrates on the knife- 
edge Ej (support not shown), giving a 
harmonic motion to a cylindrical table 
T at its upper end, K^ being the axis 
of the cylinder ; B vibrates on the knife- 
edge Kf, which is at right angles to K|, 
and gives its motion through a jointed 
framework to the siphon pen p. This 
moves harmonically in a line parallel to 
Kj, and therefore, relative to the table, 
has a motion compounded of the two 
motions. The paper is attached to the 
surface of T. 



is brought into the position formerly occupied by the recording 
membrane, the point being pressed slightly against the bottom of 
the groove in tne wax. When the cyBnder is set in motion the 
original sounds are reproduced, ana, under favourable circum- 
stances, the original quality is exceedingly well preserved. 
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The CompositioD of VibratioiLa at Eight Angles. — This 
subject may he usefully entered into at this point, though it has 
no dii-ect connection with the foregoing discussion of the analysis 
of vibrations. We shall see, however, that it leads to a nietHod 
of detecting the form of vibrations which is of considernble 
importance — that of the Vibration Microscope, 

A simple mode of exhibiting the composition of two -vibrat ions 
at right angles is shown in Fig. 33. A string, ACB, is fastened 
to two points, AB — say two nails in a doorway — and to its 
middle point C a third string CD is attached, having a heavy 
weight, D, at its lower end. If the weight ia drawn aside in the 
vertical plane through AB, it vibrates as a pendulum of length, 
CD, and If in the vertical plane through F.CD, it vibrates as a 
pendulum of length, ED. If drawn aside in any other way, and 
either released or projected, its motion is a resultant of these two 





motions. The motion may be recorded by making the weight 
D hollow, with a small hole at the bottom, and filling it with 
sand. The sand trickles out, and marks, on a sheet placet! below, 
the curve traced out. By varying the ratio KD/CD and the 
relative phases and the relative amplitudes, the figures obtained 
may be \aried to any extent. 

The HaxmOQOgraph. — The simple apparatus just described 
has been developed into the harmonograph, which consists of two 
pendulums vibrating at right angles and communicating their 
motion to a glass siphon pen, which records on paper the 
resultant motion. Fig. 34 gives a diagram of one arrangement 
of the instrument, where the pen has one motion and the paper 
the other. Owing to the gradual decrease of the vibrations and 
the con8e<juent interlacing of the successive curves traced out, it is 
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most interesting to watch the gradual 
These are often of great beauty. Fig 
unison and an imperfect fifth. 
The Kaleidophone. — If a 

knitting-needle is clamped in a 
vice and a small bead is fixed on 
its free end, the image in the 
bead of any bright source of light 
will appear to describe a con- 
tinuous curve when the needle is 
set vibrating. If the needle is 
quite round, its time of vibration 
in any direction will be the same, 
and the curve will be either a 
straight line, an ellipse, or a circle. 
But if there is some want of uni- 
formity, there will be two direc- 
tions at right angles to each other 
of greatest and least time of vibra- 
tion, and the curve will be the 
i*esultant of vibrations in these 
two directions. If the two fre- 
quencies are nearly the same, and 
the vibrations begin in the same 

f)hase, the curve will be a straight 
ine, as in Fig. 36, B, slowly 
changing into an ellipse, C, of 
which the axis revolves, the ellipse 
at the same time becoming more 
circular till one vibration has 
gained ^ period on the other as 
at D ; the ellipse then contracts 
again through the form E to a 
straight line as at F, when the 
gain is 1^ a period, and so on. 

This mode of exhibiting vibra- 
tions is developed in Wheatstone's 
kaleidophone, which consists of a 
number of rods of^ various rec- 
tangular sections arranged so as 
to vibrate with frequencies in 
various ratios along the two axes 
of the I'ectangle. The vibration 
is shown by an illuminated bead. 
Fig. 37 shows the resultants of 
several exactlv timed intervals 
with various differences of phase. 



development of the figures. 
. 35 represents an imperfect 
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will be observed that on 
any figure with its sides 
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horizontal and vertical, the ratio of the iiunihcr of contacts with 
adjacent sides gives the ratio of the frequencies. 

Beautiful figures may be obtained by bringing out upper 
portials with the fundamental notes of the rods. 



THE VIBRATION MICROSCOfE. 



A single compound rod, llic 
and Melde, may be made to glvt 



:■ Universal Knleidoplionc of Lippicli 
I the figures. This coiisists of 
I narrow vertical bniss strip fixed on a base, and carrying at its 
upper end a brass- piece with a slot in it. Itl tllc slot can be fixed 
a. second vertical strip in continuation of the first, but not quite 
in the same vertiod line. The pJane of the second strip is at right 




[Fra. 38.— TfaB VibniC 
prong of fork ; M, fiieit 
be ftadiad a horuoiiUI. 
d: 
: 



Tlie Trbration t> 



angles to that of the first, and the length of it above the slot is 
adjustable. At its upper end is the illuminated bead, 

Liss^ons' Figures. — Lissajou.'' obtained similar figures by com- 
|iounding the vibrations of two tuning-forlcs moving in perpen- 
dicular planes. If small mirrors are plac«d on one prong of each 
fork and a. ray from some small somve is received in a telescope 
aftei- it has been reflected suecessivelv at the two mii-rors, the 



78 



ANALYSIS OF VIBRATIONS. 



image of the source describes Lissajous"* figures. The method 
admits also of projection on a screen by suitable arrangement. 

Vibration Kicroscope. — This instrument may be regarded as 
a development of Lissajous^ method, and was used by Helmholtz, 
not so much to determine frequencies as the actual form of vibra- 
tion of particular points in strings. It is represented in Fig. 38, 
and consists of a tuning-fork which carries at the end of one prong 
the objective, L, of a microscope with fixed eye-piece, M. The fork 
is electrically maintained by the electro-magnet E. B is a small 





Fio. 39. — Cunr« of vioKn-striiig given by vibration 
microscope with which it is in uniion ; ab, line aeen when 
fork alone ribratei ; cd, curve teen when the ttrinf^ also 
vibrates. 0, time circle with diameter equal to ab. The 
dotted lines being drawn through equidistant points on 
the circumference of C, mark off equal times, ef is the 
time displacement diagram for the vibration of the string, 
the time scale being verticaL 

weight for adjusting the pitch to a slight extent. The string, 
of which the vibration is to be investigated, is fixed vertical^ 
in the field of view of the microscope wi& a starch grain on it to 
serv^ as a luminous point. If the fork alone moves, the point is 
lengthened out into a bright vertical line, but when the strmg also 
moves the point traces out a curve. In Fig. 39 cd represents the 
curve given in a particular case by a violin-string in unison with 
the fork. oA is tne vibration due to the fork alone, and since this 
vibration is harmonic, we at once get a time scale by drawing a 
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circle with diameter oft, and drawing a series of horizontal lines 
through equidistant points on the circumference. Where these 
meet the curve cd, we have the positions of the point at suc- 
cessive intervals of tune. 

Plotting out the horizontal ordinates at the successive instants 
on a new time scale, ef, we get the time displacement diagram of 
the vibration of the point on the string. 



CHAPTER VI. 

THE TRANSVERSE VIBRATIONS OP STRETCHED 

STRINGS OR WIRES. 

Contents. — Experiments with the Sonometer — Harmonics : Their Coexist- 
ence — Mechanical Investigation of Transverse Vibrations — Propagation 
of Transverse Waves along Strings — Stationary Waves — Modes of 
Vibration deduced from Stationarv Waves. 

In Sound a " string ^ signifies a cord or wire stretched between two 
fixed points, with a tension so considerable that if the string is 
slightly displaced and released it vibrates to and fro, and gives out 
a musical note. In general the applied tension is the only restor- 
ing force which we need to consider, for with small displacements 
and thin wires the flexure is usually negligible, and the forces due 
to extra extension on displacement are exceedingly small compared 
with the initial tensions applied in practice. 

The various "stringed^' instruments, as the piano, the violin, 
the harp, afford examples of the kind of strings of which we are 
now to investigate the modes of vibration. 

Experimental Investigation by the Sonometer. — The Sono- 
meter (Fig. 40) consists of a piano wire or violin string, ab^ 
stretched across two bridges on the top of a hollow wooden 
" sounding-box.*" It is fixed at one end and passes pver a pulley 
at the other end, so that it can be loaded to have any dfesired 
tension. It is convenient to have a second comparison string, cd^ 
which can be tuned to any pitch by means of a wrest-pin. There 
is a movable bridge,^, sliding over a scale of lengths, ss. This 
can be placed so as to fix the string ab at any point ; or, turning 
it round, it may be used to fix any point of ca. With such an 
arrangement we may at once verify the following laws. 

The vibrations are isochronons for a given string with given 
tension — If the string is plucked, the same note is heard all the 
time as the sound dies away, though the amplitude is continually 
decreasing. In other words, the pitch is independent of the extent 
of swing. 

The frequency of vibration is inversely as the length with given 
tension. — Tuning the two strings to unison, place the bridge / 
half-way along oA, when it will be found to give the octave oi c5, 
vibrating therefore with twice the frequency. Place f one-third 
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of the way along ah, and one part m ill give the fifth and the other 
the tttelfth, having frequencies respectively S and A times that 
of of,- and so on, the i'recjuenty always being hiverscly its tlie 
length. 

With constant length the frequency is proportional to the square 
root of the tension or stretching weight. W. — SlHrtinf; with u given 
load and the strings in unison, put iiu four times the load, and ub 
will now give the octave of cd. Put on nine times the load, and alt 
will give the twelfth of cd. Subdividing cd by the bridge, we 
niav easily verify the accuracy of these stateinents, and caaily, also, 
verify the correi'tneHs of the la^' fur any other londs. 

The tension and length being the same for two strings, their 
frequencies are inversely as the square roots of the mass per unit 




Pia. 40.— SonomatBr.— 



6, striiig with twisioo Tuwd by the weight Wt «£. aoin- 
iried by ecrewiug uff at the wrttst-pin e; /, monable brings 
ing uiay b* doJiilicd by it wjtbout the ulher; g, niarublc 



length, and are independent otherwise of the nuiteri&L — This may 
be verified by stretching in succession two strings of known luosti 
per unit length with the same load, and determining the ratio of 
the frequencies by the comparison string of the sonometer. If the 
strings are of the same material, their massce per unit length will 
l>e as the squares uf their diameters, and their frequencies inversely 
as their diameters. The lengths of the comparison string in unison 
respectively with the two will be directly as their diameters. 

That the frequency should be independent of the material, 
except ajs this affects the mass of a given length of string, is just 
what we should expect if the restoring force is merely due to the 
tension to which the string is subjected. 
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Summing up the three foregoing results, if n be the frequency 
of vibration, I tne length, T the tension, and m the mass per unit 
length — 
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The Harmonics of a String.— If a string is plucked at the 
centre or bowed, it vibrates as a whole, giving out its characteristic 
note, the fundamental note. But if the string is *' damped,'* or 
lightly pressed by a quill or the edge of a paper-knife at the 
middle point, and either half is bowed, the octave is heard. If the 
string is damped a third of the way along, and the shorter length 
is bowed, the twelfth, with three times the frequency of the funda- 
mental, is heard. Damping in succession J, -J^, J, and so on from 
one end, and always bowing the shorter length, notes of 4, 5, 6, 
and so on times the fr^uency are obtained. The series of notes 
so obtained are termed the harmonics of the fundamental note. It 




Fig. 41. — Noden and loops of a striDg ((greatly exagf^erated) when the string is 
dumped at a and bowed at 6. The rider remains on at the node n, but those at the 
loops II are dismounted. 

is usual to describe the octave as the first, the twelfth as the 
second, and so on ; but it would be more in accordance with the 
mathematical treatment of the subject, which makes these har- 
monics correspond to the successive terms in the Fourier analysis 
of the vibration, if we included all the tones in the harmonic series, 
the fundamental being the first, the octave the second, and so on ; 
and this course we shall here adopt. 

A simple experiment shows that when the string is damped at 
any of the points described above and bowed, it divides mto a 
number of vibrating segments, each equal in length to the bowed 
segment and separated by points at rest. Cutting a number of 
V-shaped pieces of paper and placing these inverted, as riders, 
along the string, it will be found that they are thrown oflF if in the 
middle of a segment, and that they remain on if at the separating 
point between two segments (Fig. 41). These separating points 
are termed nodes, while the vibrating portions of the string are 
termed loops. TLTiough the nodes are described as at rest, this only 
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means that their motion is very small compared with that of the 
loops. Really, of course, they must move slightly, for the energy 
of vibration comes through them from the bowea segment. And 
the " fixed '** ends of the string, which are also nodes, must have 
some motion, for through them the energy passes to the sounding- 
box or board on which the string is mounted. 

Melde's Experiment. — This experiment exhibits in a most 
striking way the fact that a string may be divided into any 
number of equal vibrating segments. One end of a light silk 
cord is fastened to a prong of a tuning-fork, while the other 
passes over a small pulley and has a variable weight attached to 
it. The vibrations of the fork may be either along the string, as 
in Fig. 42, A, or transverse, as in Fig. 42, B. If the fork is bowed 
or electrically maintained, and the length of the cord and stretching 





Fio. 42. — Melde*8 Experiment. — A, Tibrations of fork longitudinal ; frequency of 
fork twice that of string. B, vibrations of fork transverse; frequencies of fork and 
string equal. Twice as many loops on B a^ on A for given tension and length. 



weight are properly adjusted, the cord is set into vibration, the 
apparently continuous loops being separated by the sharply defined 
nodes. If n is the frequency of vibration of the string, a constant 
quantity depending only on the fork, the formula (see above, p. 82) 

ffives n/ « V Tension. If, then, we find W to be the weight 

W . . 

necessary to make the cord vibrate as a whole, — will make it 

W 

vibrate in two segments, -^ will make it vibrate in three segments, 

and so on; There is a difference between the two positions A and 
B of the fork. In A, when the prong is in its further position 
outward, the string is slack and at the extremity of its swin^. 
When the prong is at the end of its inward swing the string is 
stretched tight. Hence the string makes only J of a vibration, 
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while the fork makes J of a vibration. In other words, the 
fn-quency of the string is half that of the fork. In B the fork 
tiniiigs the string to and fro with it. and the two hare the same 
frequency. Consequent iv, with a given fork and a given weight 
there are twice as many loops ia the position U as in A, for the 
frequencv being doubled, the length must be halved. 

It wi"ll often be s^en that in the position B the fork is not 
quite at a node, but at a point near the node with the &ame 
amplitude of vibration as the prong. 

From all these experiments we conclude that — 

A string may vibrate as a whole, or In any number of equal parts, 
its freQuency being proportional to the number of parts. 

The Co-existence of Harmonics in the Note of a String. — 
When a string vibniti's, it giver, oul renlly a niixtiin.- of tones, 
the fundamental note hy which we describe it being only tJie 
first of a scries of hannonics. The particular members of the 
series present depend on the mode in which the vibrations are 
excited. 

Any one with an ear capable of recognising pitch may obtain 

eome verification of this statement from a piano. If c ^: — — 

is taken as the fundamental note, its succeeding harmonics are 
c', ^, f", f ", and so on. Let the esperimcuter strike these notes 
in suw;e.'«ion, and fix them in the mind. Then, when all itomid 
has died awuy, let him strike c sharply and keep the key down 
so as to prolong the sound. He will certainly hear some of the 
hamumies, espwially as the sound gets faint : for the relative 
intensities of the harmonics change considerably wil:h gradual 
cessation. 

While the ear alone will, after a little training, easily i-ecognise 
ti\c presence of some of the higher harmonics accompanying the 
fundamental tone, they can most certainly be detected by calling 
in the aid of the Principle of Ue.sonance. If the two stiings of 
the sonometer, for example, are tuned to exact unison, ana one 
of them is then divided by the movable bridge, so as to give one 
of the harmonics when vibrating on its own account, it will be 
set in vibration when the other string is struck, if that harmonic 
is present. l''or this experiment exact tuning is necessary. A , 
similar experiment may be made with a piano. Let c be pressed 
down so gently o^ not to soimd, and let it be held doun. Let 
c now be struCK sharply, and tlien silenced by damping. It will 
be found that c is sounding distinctly. In the same way g' and 
(■", and perhaps higher hannonics, may be obtained, though the 
etjual tenqierament tuning throws the strings too far out of the 
harmonic scries in some cases. In other cases, they are just far 
enough out for beating to occur between their natural vibrations 
and the forced vibrations of the harmonic of the note sounded. 

Helmholtz's resonators, or their rough equivalents, narrow- 
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necked vases, or narrow tin canisters, may also be used to detect 
part.icutai- harmonics. 

The eo-existeiice of the harmonics in a rote explains a result 
which may easily be obtained with the sonometer. If the string 
be bowed and Hien damped lightly at one of the nodes for any 
harmonic, that harmonic will, if initially present, continue to 
sound. Tlius. if the string is damped at the middle point, the 
octave sounds. If at a third of the wav along, the twelfth sounds. 
But these must have l>een initially pi"eaent, though masked hy the 
fundamental. If the string is bowed verif ea-tutli/ at the node of 
a given hannonic, that harmonic is absent ; and if the string IB 
damped at the point of bowing, the harmonic is not heard. 
Indeed, if the bowing and damping are exactly at the same 
j)oint, the string ceases to sound altogether. For tl.c bowing 
oiilv intrtwluced liarmonics which Iia<I no node at the |>oint. ami 
all these the damping extinguished. 

. Note, Tone, Fandamental Tone, Overtone, &c. — It may be 
useful to recall here the definitions of these various terms already 
given. When a source, such as a string, sends out a musical 
sound, the whole sound is tenned a not«. 

Any musical ear assigns a definite pitch to this note, and its 
frequency may be determined. But in i-eaiity the note is a com- 
pound of notes, and the pitch assigned is only that of the lowest 
of the series. Each of the components, itself irresolvable, is termed 
a tone, the lowest the fundamental tone, the rest overtones or upper 
partial tones. In the particular case in which the overtones havi' 
fri.'C|uencies exact multiples of that of the fiuidamental, the wliyh' 
scries are harmonica. 



MeCH.\NICAI. IXVESTiriATIONS OF THE MODES OF TraNSVEUSE 

Vibration- hf a HxKixti. 

First Method : Vibration of a string dispUced to form a 
Curve of Sines. ^In investigating the motion of a string dia- 
turlKHl in any way and then left to itself, it is usual to form a 
differential eijuation to represent the motion and to obtain the 
Jiiust general solutiou of this equation. 

But if we assume the truth of Fourier's tlicoi-cm, it is [xissible 
to build up an equally general solution of the prohlem involving 
only elementary niatheniatics, and as tliis method a]>))ears to bring 
out clearly the ajipropriateness of Foiu'ier's theoi-eni to the problem, 
it is the plan which we shall follow here. 

Applying the theorem to a string stretched between two 
points, we may consider any curve into which it is displaced a§ 
one-half of a periodic curve, with nodes at the beginning, middle, 
and end of tte axis. Hence it can be resolved into a series of 
harmonic curves, with one, two, three, &c., arches or loops, all 
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beginning and ending — i,e,^ all with nodes — at the fixed points. 
Considering one of these harmonics alone, we shall first investigate 

The motion of a string displaced to form one arch of a curve of 
sines and then released. 

Let APQB (Fig. 43) represent such a curve formed by a string 
of length /=X./2, mass m per unit length, and stretched with ten^ 
sion T, the equation to the curve being 

^ = a sin 2'jr/K 

Let PQ represent an element of the string which is acted on 
by the two end tensions, T at P along the tangent RP, and T 
at Q along the tangent RQ. Let PR meet the ordinate at Q in 
T. If we replace PQ by the same arc of the circle of curvature 
drawn on a reduced scale in (2), the sides OP = OQ = p of the 
triangle OPQ may represent the two equal tensions at P and Q, 
since they are equal to each other and perpendicular to the forces. 





(iJ 



Fio. 43. — (1) APQB, one arch of a curve of sines of length i=X/2. The rertical scale 
greatly magnified. PQ an element also magnified, PT the tangent at P meeting the 
ordinate through Q in T. At the right hand (2) is drawn the circle of currature at 
PQ. The curvature is here greatly magnified, so that OP=p is much diminished. In 
the actual case both PO and QO are so nearly perpendicular to the axis AB, that T 
may be taken as representing the same point in both figures. 



On the same scale, then, PQ will represent the resultant, and be 
perpendicular to it. But as the string is really only very slightly 
displaced, PQ is sensibly parallel to the axis, and the resiDtant 
is therefore perpendicular to the axis. Its magnitude is 



PO T 

T - = - PO 
A. OP p*^- 



Since the mass of PQ is m, PQ 
acceleration of PQ = 



1 T 
p m 



From Fig. 43 (2) we have approximately — 

TP^' = PQ^ = TQ(TQ + 2p) = 2TQ.p 
. 1 _ 2 1'Q 

• p"~PQ2 
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But if PN is the projection of PQ parallel to the axis in (1), 
PQ = PN approximately, and TQ in (2) = TQ in (1). 

. 1 2TQ. ... 

2TO T 
and acceleration = -— ^ * _ . 

PN2 m 
2 /TN QNNT ... 

"PNVPN""PNym' • • • ^^^ 

TN . 
Here =— is the tangent to the angle of slope at P, and is the 

ON 
value to which p-. approaches as Q is brought up to P. 

From the equation to the curve we have — 
QN = a sin ^(ar + PN)-a sin ^, . 



a sin — :r— I cos — : 1 J + a cos -. - sm 



irx / 27rPN , \ 
_(^cos_j^-.l)4.a 



A \ 



9 



„ . '27rjr . oirPN 27rjr . 27rPN ^ 

= - 2fl sin — — sm2 ___ + a cos _— sm — - — , 

A A A A 

or substituting small angles for sines — 

27r2PN2 . 27rx 27rPN a cos 27rjr 

whence^.= -— j^-flsm-jj- + -^ acos_^~ . (2) 

ON 

As Q moves up to P, the first term in the value of ^^ 

vanishes, and 

TN 27r 2irx ,«. 

_._acos-^- W 

subtracting (2) from (S) and substituting in (1) 

A 1 .. 47r'- T 27rx 

Acceleration = -r^ — « sm — ^ 

X,^ m \ 

47r2 T 
= ^.-..V . . . . ^4) 

If the string is now released, this gives the acceleration with 
which each particle moves, and since it is proportional to the 
displacement y of each, in the first moment of time each moves 
a aistance proportional to t/, and each ordinate is reduced in the 
same ratio, say n : 1. 
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But . 2irx 

y = tia sin — r— 

is still a curve of sines, and since the amplitude only enters 
through y, the new acceleration is still expressed by (4). The 
velocity acquired in the moment of time is also proportional to y, 
so that during the next moment all the ordinates are again reduced 
in one proportion, and the velocities will be increased in one pro- 
portion, and so on during all successive moments. 

Hence the curve always remains a curve of sines of the same 
wave-length, the amplitude only changing ; and, since the accelera- 
tion at any point is always expressed by 

47r2T 

then if every point of the string executes a simple harmonic 
motion, the time of vibration will be — 

P = 2^/Vm=\/^=2/\/J . . (5) 

and the frequency will be 



n = 



1 /T 



If the time in a simple harmonic motion is reckoned from the 
instant at which the displacement has its maximum value c^ the 

displacement at time t is 

27rt 
acos— , 

where P is the period, while the velocity is 

27ra . 2irt 
sin 



P P* 

Applying these formulae to the string, which has amplitude 
a sin ^TT jc/X when released at ^=0, then at t the form and the 
velocity of any point are given by — 

2irt . 27rx z-^x 

t/ = a cos -^ sin .- . . . . (7) 

»== - -p- sm -^- sm -_ . . , (8) 
where P = 2/ A" 

We draw from (8) the important conclusion that the velocity 
at any time can also be represented by a curve of sines, with the 
same nodes but a different amplitude. 

Let us now suppose that the string is initially, not merely 
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released, but also projected, each point with a velocity represented 
by a curve of sines, so that — 






t; = - c sm -- 
A 



represent the displacement and the velocity. Equating these to 

the values in (7) and (8), we find at once to what amplitude of 

vibration they belong, for — 

. 27rt 

o = a cos 



I 



> » 



27ra . 2irt 
c= ^ sm -=— 
P P 



giving 



a = A / ^'- + 



C2P2 

47r2' 



/«v p 




fij p' 




To this point we have supposed the string to form a single 
loop ; but all the preceding investigation will apply to the motion 
of any one of a number of loops, so long as they have nodes 
at the ends, and we get the general 
result, that if a string be initially dis- 

fJaced into a curve of sines having p 
oops, and be projected with velocity 
represented by another sine curve with 
p loops, each having nodes at the ends, 
it will continue to move in a sine curve 
and with frequency — 

2/ V „/ 

Superposition of Small Harmonic 
Vibrations. — Suppose, now, that two 
harmonic displacements are superposed. 
If the force due to the sum of the dis- 
placements is equal to the sum of the 
two forces due to the separate displace- 
ments, the acceleration is equal to the 
sum of the accelerations; and so the 
subsequent motion is the sum of the 
two motions, and the systems can be 
superposed. 

Let PQ, Fig. 44, a, represent a 
displaced element in one harmonic, with projection PN parallel 
to the axis. Since the displacement and slope are both exceed- 




^jP' 



Fig. 44.~(a) An element of 
the string, with projection PN 
along the axis when displaced 
into a certain harmonic ; (&) the 
same element with equal pro- 
jection along the axis when dis- 
placed into another harmonic ; 
(c) the same element with equal 
projection along the axis when 
having the sum of the displace- 
ments (a) and (6). 
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ingly small, P and Q remain sensibly in the same ordinate 
throughout the displacement, and PQ = PN. The force acting 
across the section at P, perpendicular to the axis, is 

TcosPQN = T.^ 

QN approximately. 

" PN 

Let P'Q', Fig. 44, ft, represent the same element in another 
harmonic displsu^ement. Then P'N' = PN, and the component 
of the force at P' perpendicular to the axis is 



' FN' - PN • 

The sum of the force is, therefore, 

T, QN + QN' 
^ PN 

But if P"N", Fig. 44, c, represents the element when having 





Fio. 4.5. — (a) Displacement and (6) Velocity of a 
String of length, AB=UV=?. 

the sum of the two previous displacements, the force across P' 
perpendicular to the axis is 

• PN" ~ PN " 
butQ"N"=QN + Q'N'. 

Hence, the total force at each end of an element, resolved 
in the direction of motion, is always the sum of the two separate ' 
forces, and therefore the motions may be superposed. 

Clearly, also, any number of small motions may be superposed, 
so long as we may make the approximation PQ = PN. 

We can now give an account of the most general transverse 
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motion possible for a striiif; subject to the conditio 
ends and small slope and displacement. 

Let the mrve Am, Fig. 45, a, represent the curve of displace- 
ment initially friveii to a string of length /, and let rWV, Fio;. 45, 
A, represent the curve of velocities of projection, both being really 
small. Then, applying Fourier's theorem to the two separately, 
each may be analysed into a series of harmonics of half-lengths. 
/, //2, 1/3, l/i, . ' . and bo on. 

If anv hamionic appears in both series, we must supjiose that 
the string is not only displaced, but also pi-ojectetl with a velocity 
represented by the velocity harmonic. If a harmonic appears in 
the first series only, the string is only displaced ; if in the second 
series only, the string is only projected for that harmonic. Since 
the motions are all superposable, we may consider each us going 
on separately, accortling to the laws we have investigated, in 
periods submultiples of ^ JmjT. and we may build up the motion 
at any f uture instant out of all the coni[)oncnts. In the time 
SI ^mfM, all the harmonics will go through a whole numljer of 
vibrations, and the string will return to the same state. Further, 
since only one Fourier analysis is possible, and this solution alwavs 
constitutes a Fourier series, no new harmonics can ever be in- 
troduced. 

All this corresponds exactly with the results obtained by ex- 
pL'rinient, that a string may vibrate as a whole or in any whole 
number of loops, emitting notes of fi-equencies 1, 9, -3, , . , and 
that the compound note given out by the string in general con- 
sists of a definite mixture of harmonic tones. 

The Overtoaes not always Harmonics. — The string cun- 
sitlered in this investigation <lepartB somewhat from the actual 
string, which necessarily jwsscsses some amount of re.-iistauce to 
flexure, and which is more or less constrained in direction at the 
ends. When these conditions arc taken into account, it can be 
shown that the overtones do not form exactly a hai-monic series. 
It is perhaps worthy of note that the extra force due to rigidity, 
and the constraint at the ends increases the frequency of the 
string, for «hile the nnws is the same as in an abstract string, 
the restoring force is greater. 

Another example of a string with overtones not forming a 
harmonic series is given by a string loaded in the middle. If 
the mass of this load is great compared with that of the string, 
the fimdamcutal mode of vibi-ation is as representeil in Fig. 40, n, 
(■ach half of the string being always straight. If M is the load, 
the restoring force for displacement y, is 9T cos NCA = 4Ty// 
nearly. The acceleration is 4T^/M/, and the fi'cqiiency is 
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The second mode of vibration is shown in Fig. 46, 6, the mass 
M remaining at rest, and the two halves of the string vibrating. 
The frequency is 

1 /T 
"«-7V- (2) 

This is very large compared with n^, since M/mZ is large. 

The third mode is shown in Fig. 46, c, the string dividing up 
into segments, so that the time of AC or DB as a uniform string 
equals that of CD with the load in tlie middle; and since CD 
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Fio. 4G. — Modes of Vibration of a S^ng loaded 
in tho middle. Tfae overtones occur in pairs at and 
near the even harmonica of the unloaded string. 



must be very small compared with AC, the frequency is only 
slightly more than n^. 

The next mode is shown in Fig. 46, d; and the next is when 
there are four loops, and a middle piece as in (c), the fi'equency 
being only slightly greater than in (d). Evidently the overtones 
occui" in close pairs, the first members of the pairs forming a series, 
rig, S/ig, Swg, 4n2, &c. Taking the case of p loops, each of length 
Zj, and a middle piece of length /g, we have 
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also 



«P+i = ^V^. . . .fioni(l) 



M/g 



and pl^ ■{■1^ = 1. 

Eliminating \ and l^ we obtain a quadratic for 71^+^, of which the 
approximate solution is — 



while 






Second Method of InTsstisfation— The Modes of Vibration 
Deduced from the Mode and Velocity of Propagfation of Waves 
along a Stretched String*. — ^The method is not so direct as the 
first, but as it is easy, and as it introduces us to some new and 



tu-he D ft-x^ed. 
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Fig. 47. — Framework moying String through fixed tube, D, 
with constant Velocity, V. 



valuable ideas on the relation between waves and vibrations, it 
is worthy of attention. 

The Velocity of Propagation of a Disturbance along a 

Stretched String. — Let a string of mass m per unit length be 
drawn with uniform and constant velocity, V, through a smooth 
tube bent into a continuous curve of any form, and let the tension 
of the string be T. If this varied from point to point, we should 
have forces tending to accelerate the string in the direction of 
motion, and V could not be constant and uniform. Then T is 
also uniform throughout the length. 

We may imagine as especially suitable for our subject an 
arrangement like that in Fig. 47, where a frame ACB moves in 
the direction AB with velocity V, drawing a string with the 
same velocity through a tube fixed at D. The ends are fastened 
to the frame at A and B, and the sti*aight parts of the string 
are in one line. This Umitation is not a necessity in the following 
investigation, but we may make it, since it is required in the 
application to musical strings. 
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The acceleration on any particle of string of small length, *, 
in the tube is altogether perpendicular to the curve, since the 

velocity along the curve is constant. Iden- 
tifying the arc s with the same arc of the 
circle of curvature, its acceleration is evidently 
V'-'/P) where p is the radius of curvature, and 

the force on it is . 

P 
But this force must be the resultant of the 

pressure of the tube against the string and the 

Fio. 48. —Element ^nd tensions of the string itself. The former we 

of string in tube, o may take as P per length 1 and + outwards. 

centre of curvature. As to the latter, if AB, Fig. 48, represents the 

element *, and O is the centre of curvature, the 
tensions at the ends (which are equal to each other and perpendi- 
cular to AO, OB) may be represented by AO, OB. Their resultant 
is represented on the same scale by A B. Then this resultant is 

.y^AB = — • 

AO p 

We have, therefore, for the element «, 

T* -^ tnsV^ 

P P 

whence p __ T - w V^ 

But if V2=T/7/i, P=0, whatever p may be, and it vanishes 
throughout the tube at the same time. If we think of V as 
gradually increasing from zero, V = jTJm is a critical value. Below 
this value the string presses inwards everywhere, and above it, out- 
wards everywhere. But exactly at this value there is no pressure 
either way, and the tube ceases to be a constraint or guide. It 
may therefore be removed, and so long as the velocity has the 
critical value, the string will preserve the exact form of the tube 
in a fixed position, successive portions of the string moving into 
the curve as they come up to it. 

But now let us change the standard of reference for the 
velocity of the string from the tube or whatever supported the 
tube to the frame itself. The ends and straight parts of the 
string are at rest, and the curve moves with velocity Vc, and if 
V= /s/T/wi, it will move without constraint. This is, therefore, 
the velocity of propagation of a disturbance or a wave on a 
stretched stiing.* 

* The reader may easily obtain this velocity by a method corresponding to 
that used for the velocity in air on p. 17. 
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An extension uf this theorem to a case in which the tension and 
velocity vary from point to point niay easily be roughly veritied. 

Let one end of a uniform i'0)>e or cord — an India- 

rubber cord succeeds well — be fixed at some 
height, and let the other end hang down free. If 
J' is the length below any point P, the tension at 
P is mffx, and the velocity of propagation of a dis- 
turbance through P is 

But comparing with the formula v- = ^al, we see 
at once that this is the velocity of a point starting 
from rest at the free end, and moving up the string 
with accelcnition g/2. When the disturbance 
reaches the top of the string, experiment shows that ^^ ^t, _uni. 

it is reflected, and our formula tells us that, after form eonl with 
ivtiection, it moves down the string with velocity lowai' end tree 
y/ffx and retardation g/Z. At the lower end it tfan"a''it'nB 
is reflected again, and so on. If, for instance, the ^^'^^^ « 
last few inches of the string or coi'd are bent 
up and allowed to fall, the disturbance can be seen travelling to 
and fro along the string, especially if the ohaerver looks up along 
the string. The time of passage is ^ihfff, where L is the 
length of the string; and if L is 8 feet, the time is approxi- 
mately one second. 
~— ^ Superposition of Small Disturbances.— By the superposition 
of small disturbanueii, we uiean that such disturbances may travel 
either together or in opposite directions, so that the disturbance at 
any pouit is always the sum of the separate disturbances which 
would exist at that point, supposing each to exist alone in an 
otherwise undisturbea system. The condition for this is that the 
acceleration due to the forees brought into play by the sum of the 
disturbances is equal to the sum of the accelerations due to the 
forces brought into play by each separately. 

^Vhen this is true, evidently the motion throughout will be the 
sum of the separate motions, and they will be " sujterposed " with- 
out modifying each other in their subsequent history. 

In the particular case of a stretched string, if the disturbantw 
never moves a point out of its ordinate by a sensible amount, and 
if the stretching of any element is negligible, so that the slope is 
always infinitesimal, the investigation on page 89 shows that the 
condition is fulfilled. 

Superposition of Two Equal Trains of Waves Moving with 
Equal Velocities in Opposite Directions. — Let two trains of 
equal waves, starting from coincidence, move in opposite directions 
with equal velocities. Let the waves be periodic curves with 
equidistant nodes, and let the ordinates at equal distances on the 
two sides of a node be equal and opposite, so that the second half 
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of each wave is an inverted reflection of the first half. Since the 
two trains have always moved equal distances on opposite sides 
from the position of coincidence, the two ordinates arriving at the 
original position of a node A, as shown in Fig. 50, are always 
equal ana opposite, so that the point remains at rest. 

If the curves representing the waves are each originally given 

by 

if = asin2irx/k .... (1) 

•and if their velocity is V, their forms, t seconds later, when they 
have moved to right and left distances V^, will be respectively 



^ = ^ sin -.-(j: - V/) 



. (2) 



y B a sin -r^(a: + V/) . 



^ +y = Y = 2a cos -,- V / sm - - . 



and 

Adding the two 

' _ V _ Qy. /./*c — V / Sin - 

A A 

which is alwavs a harmonic curve with the same nodes and 



. (3) 



. (4) 




FlO. 50. — ^Two equal waves moTing with equal velocities in 
opposite directions and always having equal and opposite 
ordinates at the nodes ABC. 

amplitude varying from + 2a to —2a and going through all its 
values twice in time, \/V. 

The result of the superposition, therefore, is that the string is 
broken up into vibrating loops between nodes at rest, just as in 
Melde'^s experiments. 

Considering any length /=x, since the nodes are at rest we 

may fix them and cut ofi^ the outside parts of the string without 
aflecting the included part, and we have a length { vibrating in 
time 



V"V 






But we may have waves of half the length with the same end 
nodes and one intermediate node. For these, X=/ and 
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With waves of one-third tlie length and two intermedititt; 



iind so on, forming a series of harmonic modes of vibintioii in 
times 1, g, J, i, &c., of the longest time. 

All these modes may be superposed, and there is no ncees- 
aarv relation between their phases. We may, therefore, have 
any number of harmonics coexisting indegendently with times 

fomiing a series of suhmultiples of 9J. v/^.' 

Given any initial displacement and distribution of velocities of 
a string fixed at both ends, Fourier's theorem enables us to e\- 

S'ess these as a mixture of hannonie displacements and velocitie.i. 
ach of these harmonics may be considered indejjendently, as we 
have just seen, and so we have a perfectly general solution for the 
vibration of a string. 

Reflection of a Train of Waves at a Fixed Point— Stationary 
Waves.— We may regard a tniiii of waves as coutainiug a certain 
amount of energy whii'li Ih transferR'il from puiiit to point along 
the string with velocity V". ^\'hen this begins to arrive at the end 
of tlic string it cannot pass out, for the tension cannot do any 
work on the fixed point, since this does not move. The energy, 
therefore, remains in the string, and a thorough mathematical 
theory shows that it is reflected, and that a disturbance travels 
back. Though such a theory is 
beyond the range of this work, we 
may take it as proved by experi- 
ment that such reljection does occur, 
and we may easily investigate its 
nature, assuming that it must satisfy ^^ 
the condition that the end remains 
at rest. 

For let AB, Fig. 51, be ao arch' 
of a wave just beginning to arrive """ 

at D. If we imagine BC, an in- Fjo. 31.— Rofleotioii of a Wow, 
vei-ted optical reflection of AB, to -^^^ "^^=1 '."''■ ^^- *'"' "*"'"'■ 
Im! waiting, as it were, to come on ""' "" 
to the string, and to move from 
right to left while AB moves from left to right, it will !>e 
seen that B always remains at rest. TTiis is equivalent to start- 
ing a train of reflected waves moving in the direction BA, and 
coincident with the incident waves at the instant when a node of 
the latter reaches B. If the incident waves are continuous, the 
reflected waves will combine with them to form a series of vibrat- 
ing segments with fixed nodes ; and this is exactly what occurs in 
Mdde's experiment (p. 83). 



to tbe StriDt;. 
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Now consider a string fixed at both ends and displaced into a 
sine curve as AGB, Fig. 52. We may think of this sine curve as 
consisting of two, AHB and AHTB, each of half the height of 
AGB and superposed. AVhen the string is released AHB moves 
to the right and AH'B to the left. At once reflections occur 
against the fixed ends, that against B being represented by sup- 
posing BKC to move towards the left, and that against A by 
supposing AKTD to move towards the 1^. 'Hius the reflections 
continue to supply the oppositely moving equal trains. This view 
of the matter shows us that, in regaixiing the vibrations of a string 
as made up of two opposite trains of waves, we are not merely 
adopting a mathematical device, but that these trains have a 
physical existence due to the end reflections. Such vibrations 
between fixed nodes, due to the superposition of direct and 
reflected waves, are frequently termed stationary waves. 




Fio. 52. — Resolution of a. Displacement of a String, AGB, into two half 
as large, each moving in opposite directions and reflected at the ends. 

The supposition underlying the foregoing investigation, that 
the reflecting end of a string is fixed, is only approximately 
satisfied. Some of the energy does leak out by the small move- 
ment really occurring, and the waves are communicated to the 
sound-board or framework of the instrument of which the string 
forms part. The energy of vibration, therefore, gradually dies 
away, and the reflected waves are not quite «ts large as the direct 
waves. Of course, this le^,kage through the ends is not the only 
one. Some leakage occurs through bending the string against the 
" viscous "" part of the resistance to flexure, and some energy goes 
directly into the air. But inasmuch as many huhdreds of vibra- 
tions may succeed each other without serious diminution of ampli- 
tude, the results obtained, when we entirely disregaixl the leakage 
of energy, are a very fair approximation to the truth. 
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CHAPTER VII. 
PIPES AND OTHER AIR CAVITIES. 



Contents. — Sounds from Pipes closed at one End or open at both Ends — 
Modes of Vibration of Pipes— Pipes used as Musical Instruments — Reed 
Pipes — The Velocity of Sound in Pipes — Kundt's Dust-Tube — Pressure- 
change, and Motion in Organ Pipes — Sounds from other Air Cavitie:^— 
Vibrations of Liquids in Pipes. 

In a large number of musical instruments the vibrating source of 
sound is the column of air in a pipe. The shape of pipe and the 
mode of excitation vary greatly, but the general laws of vibration 
ai-e approximately the same in all cases. We shall, therefore, 
begin with an account of an experi- 
mental investigation, which may be 
easily made in the laboratory, of the 
mode of vibration of the air in cir- 
cular tubes when excited by resonance. 
The abstract nature of the case, that 
is, its freedom from the complications 
necessary in practical instruments, will 
not be founa to render the laws ob- 
tained inapplicable to such instruments. 

Pipe diosed at One End. — A con- 
venient form of pipe closed at one end 
consists in a glass tube of circular sec- 
tion, say 50 cm. long and 2 or 3 cm. 
in diameter, held vertically, with the 
open end upwards, and the lower end 
connected, as indicated in Fig. 58, with 
a i-eservoir of water. This reservoir 
can be moved up and down so as to 
vary the level of the water-surface in 
the pipe and at the same time to 
vary the length of the column of air. 
A vibrating tuning-fork is held with 
one prong over the open end to throw 
the air into vibration. The forced 
vibrations executed in unison with 
those of the fork are in general feeble, 

though quite audible ; but if the water-level be varied by raising or 
lowering the reservoir, at one particular level the sound increases 





Fio. 53. — Pipe open at the 
upper end, closed at the lower 
end by a water-surface, of which 
the level may be varied by raising 
or lowering a water-cistern con- 
nected by flexible tube. The vibra- 
tion excited- by a fork. Besonanco 
where the length of the air column 
is a quarter wave-length of the 
fork. 
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enormously. The pipe is then of such length that its o^-n frequency 
is equal to that of the fork. In fact, the pipe resounds to the 
fork. The fork by itself in open air can only slightly affect the 
air, and so it only slowly loses its energy. But if it is held over a 
column of air in unison with it, it can give up its energy compara- 
tively rapidly to the column ; which, in turn, gives out its energy 
to the surrounding air in the form of large sound-waves. 

When experiments are made with pipes of different diameters, 
it is found that the length of pipe resounding to a given fork is 
nearly, but not quite, constant, the length diminishing as the 
diameter increases. It is not very wide of the mark to take as 






Fio. 64. — CA, CA', extreme positions of the prong of a 
fork exciting resonance in the pipe closed at B. 

the result of experiment that, for a given frequency, length + 0*6 
radius is constant.* We may tenn this the corrected length. 

If experiments are made with diffei-ent forks, it is found that 
the coiTccted length resounding to a fork is invei'scly as the fre- 
(luency of that fork, and that it is one-fourth of the wave-length 
in air of the tone emitted by the fork. 

A general explanation of this relation may be given as follows : — 
Let CA, CA' (Fig. 54), be the extreme positions of the nearer 
j>rong of the fork. As it starts from CA towards CA' it com- 
j>resses the air in front of it, and the compression moves do\Mi the 
pipe. When it reaches the lower end, B, the air rushes down 

♦ Rayleigh, Sound, vol. it § 314. 
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against the end and reboiinda, so that t)ie lowest liiyer rushes ii[i 
mid pushes agninst the next lowest layer ; this pushes against 
the next, and so on. Iliis means that tlie uonipre^iuN is renecte«l 
its a compi-e^ipn. If the length nf the pi[>e isX/4, the total dis- 
tance traversed down and up again is X/2. When, thoi-efore, the 
front part of the compression gels hack to the open end, the fork 
will just be at CA' ready to return. The rush out of air which 
forma the compressiou will thus agree with the motion of the fork. 
(Considering now the second half of the vibration, in the notion 
of the prong fitmi CA' to CA a rarefaction is sent down the tul>e. 
But the previous compression, whicii is meanwhile coming up to 
the open end, finds there a large space to expand into, iviz., the 
open air, and so the air rushes out. But the outrush does not 
cease when the pressure falls to its normal value, for the momentum 
iicquii-etl continues the outrush. Consequently, thei-e is a fall 
lielow the normal pressure, and this is propagate down the tube. 
In other woi-ds, the compression coming up is reflected back at the 
open end as a rarefaction, and the wave thus sent down agrees 
with that sent at tlie same time by the fork. It is easy to see 
that the rarefaction travelling downwards is reflected at the closed 
end as a varefaclion, and that it will come up to be reflected at 
the upper end as a compression agreeing with the compression 
which the fork is then sending down. The fork and the air in 
the pipe, therefore, agree in their motion, and the fork will con- 
tinue to do work on the air and yield energy to it until all the 
air at the end of the pipe is moving through aa great an am|>li- 
tude as th« prong of the fork. 

We may here anticipate the result of a more tlioroiigh 
investigation in saying that an approximate representation uf 
the motion of the air in the pipe is given by the np-and-donn 
motion of a spiral spring hanging downwards from a lixed point, 
the point of sup|>ort representing the closed end. In practice it 
is necessary to load the spring at the lower end, in ortler to reduce 
the frequency; hut if we could make it vibrate slowly under its 
own weight alone, the analogy would tie complete. As with the 
spring, so with the pijK, tlie whole of the air simultaneously closes 
in during one half of the vibration and opens out during the other 
half; and as with the spring there are the greatest variation.'^ of 
tension with the least motion at the fixed end of the spring, so 
there are the greatest variations of pressure with the least motion 
of the air at the closed end of the pi[>e. And as theiv is the 
greatest motion and least variation of tension at the lower end of 
the spring, so there is the greatest motion and least vai'iation of 
pressure at the open end of the pipe. In a vibrating string the 
]Kiint of least motion is tenned a node, and the point of maximum 
motion a loop. lliese names are usefully employed also to 
designate the points of minimum and maximum motion of u pijic. 
A clo%d end is therefore a node, and an open end a loop. 
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We may indicate the motion of the air as in Fig. 55 (1), where 
the arrow above the pipe shows the direction during the first half of 
the vibration, and that below, the direction during the second half. 

The Overtones of a Pipe Closed at one End. — By holding 

over the open end forks of different frequencies or by varying the 
length for a given fork, it may be shown that the overtones are 
the odd harmonics having frequencies, 3, 5, 7, &c., times that 
of the fundamental tone. None of the even harmonics are 
present. These overtones are the fundamental tones of pipes 
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Fio. 55. — Modes of Vibration in the Fundamental Tone (1), and 
the harmonics (3), (5), (7), of a pipe closed at one end ; (3a), (5a), 
and {la) show the smaller pipes into which we may suppose the full 
length to be broken up when the harmonics are sounding:. The 
arrow-heads above show the direction of motion in one half, those 
below in the other half of a vibration. 



having lengths J, \^ 4-, &c., that of the pipe under consideration ; 
and we may explain their existence by supposing the pipe to 
divide itself up into segments separated by nodes, each complete 
segment acting as two pipes witn their open ends towards each 
other, as indicated in Fig. 55, (3a), (5a), &c. These nodes in the 
first harmonic are therefore \ and ^ of the way down. In the 
next they are \^ -f, and \^ and so on. It is easy to see that we 
can only break up, the whole length into an odd number of equal 
pipes with one end closed, and so only the odd harmonics exist. 
Pipes Open at Both Ends. — iW fundamental tone of a pipe 



Ol'EN I'U'ES. loa 

open at both ends bfts the same frequency as that of a pipe closeii 
at one end of half the length. This may be shown by takinjj an 
open tube nearly twice as long as a given pipe which is closea at 
one end, and whtL'h resounds to a given fork, and putting a, suiiill 
sliding tube at one end, so that the length may be adjusted. The 
open tube will resound to the given fork when of about twice the 
length of the closed tube, and if the correction 06 radius be applied 
to each end of the open tube and to the open end of the other 
pipe, the con-ected lengths are, within the range of esperiineiital 
eiTor, as S ; 1 . 

We may represent the vibration of the air in the open pipe 
as like that in two pipes closed at one end and set with their 
closed ends together, as in Fig. 56 (1«), the air in both closing in 
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towards or opening out from the closed ends at the same time 
in each. The motion of the air in the two halves of a complete 
vibration is shown by tlie arrows in Fig. 56 (1), the upper arrows 
for the first half, the lower ones for the second half. The air in 
the middle of the pipe is therefore always at rest, but is subject 
to variations of pitssurc. There is, consequently, a node there. 
At the open ends there are small variations of pressure but 
maximum motion, and the ends are loops. 

The OTertonea of a Pipe Open at Both Ends.— Experiment 
shows that the overtones of such a pi|)e form a complete harmonic 
series, with frequencies 2, 3, 4 . . , times the fundamental frequency. 
Figs. 56 (S) and (H), with their decomposition into pipes closed 
at one end in (9a) and (3a), sufficiently show the nature of the 
viiiration in the successive overtones, and evidentlv the process 
of ilecom position can be carried on indelinitely. 
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Explanation of the Modes of Vibration in Pipes as Con- 
sisting of Stationary Waves Formed by the Snperposition of 
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Fio. 57. — Formation of Stationary Waves by opposite motions of equal 
trains. (1) The two trains coincide, and each is represented by the black 
line ; their resultant is Vepresented by the dotted line. (2)-{5) Positions at 
successive intervals of A/4U, the dotted line always showing the resultant. 
(6) A position intermediate between (1) and (2), showing that the nodes are 
always fixed. 

Direct and Reflected Waves. — ^We may regard the various 
modes of vibration of the air in pipes, as consisting in the forma- 
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lion of stationary waves similar to those on strings, discussed in 
the last chapter, and due to the reflection of the disturbances at 
the oj)en and closed ends. 

Let us first consider the result of two trains of equal simple 
waves of wave-length X, moving with equal velocities, each U, in 
opposite directions. Fig. 57 (1) represents three waves in each of 
the two trains at the instant of coincidence. The resultant displace- 
ment is represented by the dotted line ; (2), (3), (4), and (5) repre- 
sent the positions of the two trains at successive intervals of time 

.-p and in each case the dotted line is the resultant displacement. 

The thick lines in (3) and (5) indicate the coincidence of the two 
trains. In (6) a position is taken intermediate between (1) and 
(2). An inspection of the figures is sufficient to show that at the 
points A, B, C, D, E, the air is always at rest, and that the dis- 
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Fig. 58.— (1) Reflection at a Rigid Wall forming (2) a set of Stationary 
Waves with a Node at the Wall. The reflection may be supposed to occur 
by moving on the waves on the right in (1). i 



placement of the intervening air is always represented by a sine 
curve, which oscillates between the two extremes represented in 
(1) and (3). The time of a complete vibration is that occupied 

between (1) and (5) or — . The two trains therefore form a series 

of stationary waves. 

Such stationary waves may be formed in practice, in a manner 
similar to those on strings described on p. 96, by the superposi- 
tion of a series of waves incident normally on a surface, and the 
waves reflected by the surface, when there is no loss of energy on 
reflection. 

Thus when reflection occurs at a rigid wall, none of the energy 
can be transmitted onwards, and the reflection, must be of such a 
kind that the layer of air immediately in contact with the wall 
remains at rest throughout. For if it moved from the wall, it 
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would have a vacuum on one side and nearly atmospheric pressure 
on the other. The layer being thin and of exceedingly small mass, 
would thus be subject to a finite force and an exceedingly great 
acceleration. It would therefore at once be driven back on the 
wall. Now such reflection is obtained if we suppose that at the 
instant when a node of the. incident waves reaches the wall, as in 
Fig. 58 (1), a series of waves, the continuation of the incident 
waves, is reeuly to move on in the opposite direction. The two 
trains will be just like those in Fig. 57, and will form a stationary 
system represented in Fig. 58 (2) ; the wall will always be a node. 
It is important to observe that compressions are reflected as com- 
pressions and rarefactions as rarefactions, as will be seen from 
r^ig. 68, where the various parts of the waves are marked as 
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FlQ. 59.— (I) Reflection at a Yielding Wall forming (2) a set of 
Stationary Wares with a Loop at tho Wall. The reflection may be 
supposed to occur by moving on the waves on the right in (1), and it 
will 1)0 seen that this implies a change in phase at reflection. 



compressions and rarefactions, and similar states are seen to be 
equidistant on the two sides of the wall. In other words, there 
is no change of phase in reflection against a perfectly hard wall. 

But reflection may occur against a very yielding wall. For 
imas^inc that there is a surface separating a denser from a very 
mucli lighter medium, as in Kg. 59. When the variations of 
pressure come up from the left to the surface YY and begin to 
move into the new medium, they will almost disappear, for this 
medium being very much lighter, a difference of j)ressure on two 
sides of a layer of it will proauce much greater motion. It moves, 
therefore, much more readily, and either makes room for the com- 
pression to expand, or itself expands and fills up the rarefactions. 
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iri each case bringing back the pressure towards the normal. But 
this reduction of pressure towards the norinat implies reflection. 
This may be seen most easily if we take the extreme case of complete 
reduction to the normal, so that there is no pressure variation. 
For then the work done on the light medium during the outward 
motion is equal to that done on the heavy medium during the 
return motion. On the whole, then, no energy is sent aci-oss the 
separating surface, and the quantity returned must equal that 
arriving. Now, taking another point of view, consider a com- 
pression arriving at \. ITie jtarticles in a state of compression 
would, if the denser medium were continued, move a certain 
distance out and then- return. But, as we have just seen, the 
Jir.st layer of the rare medium allows a much greater motion and 
goes much farther furward" than the denser layers would do in the 
same place. It therefore draws away from the layei^s on the left, 
and forms a raivfaction which is propagated in the opposite direc- 
tion, that, is, backwards fi'om Y. Similarly, when a rarefaction 
cumcs to the separating surface, the layer in front moves back 
much more readily than it wonhJ have done if it had been of the 
denser niedimn. The backward motion is, therefore, much greater, 
and so a backwai-d motion of the particles is propagated liaik. i.c. 
a conipressiun is reflected. The reQection therefore occnra with a 
change of phase, and the waves go back as if tliey l»a<l lost or 
gained half n wave-length by the reflection. 

Taking the extreme ease, in which tlie medium to the right is 
so light that it destroys all variations of pressure, and therefore 
reflects all the incident energy, it is easy to see that we obtain the 
condition of no variation of pressure by supposing Umt the series 
of waves on the right in Fig. 69 (1) are ready to move to the left 
when the waves on the left reach the separatirtg surface. In Fig, 
59 {2) the stationary waves so fonned are represented. There is 
evidently a loop at the surface, and a node a quarter of a wave- 
length away. 

This mode of j-eflection practically occurs at tlie end of an open 
pipe. For though the air outside is of the sauje density as tnat 
within, its fi-eedom to move on all sides has the effect of reducing 
the pressure towanls the normal value, the essential feature in the 
explanation just given. But the reduction is not complete, as it 
would be were the outside medium of less density. Hence the end 
of the pipe is not exactly a loop, but only near a loop. Iliis 
necessitates the application of an "end correction," which may be 
calculated on certain suppositions.^ The calculations are not, 
however, exact. Nor are tJie exyierimental detei-minations as yet 
satisfactory ; but meanwhile we are not likely to be far wrong in 
taking the value for a circular pipe as a virtual addition to the 
length of 0'6 X radius. 

We may now apply the foregoing investigation to explain the 
' Ravleigli, SouiHi, vol. il. S ^11. 
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existence of stationary waves in pipes. Imagine a series of waves 
travelling from left to right in a pipe. Fig. 60 representing the 
displacement curve. Then, placing a rigid wall at any of the 
nodes, such as G, we shall obtain a reflected train moving from 
right to left, and forming with the incident train a system of 
stationary waves. G may represent the end of the pipe if closed. 
Or, if the end be open, we may place a yielding wall at any of the 
loops, such as P, and we again obtain a series of stationary waves. 
In order to continue to supply the series of waves from left to 
right, we may imagine another wall or closed end placed at any 
node to the left of G, such as F or E, or another yielding surface 
or open end placed at a loop, such as P, N, or M. The reflected 
train sent back fi'om right to left will be again reflected from left to 
right, and so continue the incident train. Thus a pipe closed at one 
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end and open at the other may have length from G to P, or from 
G to N, and so on, or -, —, — , . . . ; while a pipe open at both 

T tJ T 

ends may have length from P to N, or from P to M, and so on, or 

The time for a stationary wave to complete its vibration is 
equal to that taken by either of its constituents to move through 
\, viz., \/U. 

If we keep the length of pipe I fixed, we see that the lengths 
of stationary waves which can be formed in it are — 
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Pipes Used as Musical Instruments. 

The simple form of pipe which we have been discussing is most 
nearly approached in the instrument known as the Pandean Pipes, 
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now merely a toy. It ton- 
Bists of a row of cyliiulrical 
pipes closed at one end, 
and with the open ends in 
a line. The player throws 
the air into vibration in 
any pipe by blowing across 
the open end. The vibra- 
tion is probably mahi- 
tained in the same way as 
in Hue organ-pipes, which 
we shall now describe. 

Organ -Pipes. — Figs, 
fil and 69 represent re- 
six*tively wood and metal 
pipes, the former material 
being usetl for square, and 
the latter for roinid ones, 

each the base of the 
pipe is closed, but there 
la a slit throuirli wliich 
the air is forced upwards 
from the wind-chest. In 
Fig. 61 the section of the 
pipe is exhibited exposing 
the various parts; cd is 
the slit, and just above it 
is an opening, the erabou- 
fhui-e, virtually making 
the lower end an open 
en<l. The upper edge of 
this opening, iib, is sharp, 
and just over the silt. 
Tile upper end of the jiipe 
m&v be o[>en, an " open 

tiipe," or it niav be elosetl 
)y an odjiistuble pi.stoii, 
a " stoi>iK'd pijie.'" The 
"open pipe corresponds 
to onr abstract " pipe 
open at both ends;" tne 
** sto}iped " pipe to the 
one closed at one end. 

The mode in which 
the air in the pipe is set 
vibrating by ttie stream 
issuing from the slit is 
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probably' somewhat as fullows, tliuu<rh tbe explanation is hy no 
means verified as yet. For simplicity we shall suppose tbe pip*! 
" stopped '" at the upper end. II' the stream of air is directed to 
the inner side of the sharp edge, it will add to the quantity of 
air in the pipe, increase the pressure and so send a conipression 
lip towards the otiier end. If, on the otiier hand, the stream is 
directed to the outer side of the edge, it will rarefy the air in 
the pipe, just as a stream of air blown straight across the mouth 
of a tube tends to draw the air out of it. The draught up a 
chimucy ivithoul a fire in a steady breeze is a case of such suction. 
The stream is probably so directed that a very alight disturbance 
will send it to either siJe of the edge. 

Now let us suppose that during the first moment of blowing 
the air is accidentally directed within the pipe. A compression is 
formed and this travels to the stopped end, where it is reflected as 
a compression. It then travels back to the open end, where there is 
an outrush. Now even had the stream through the slit ceased, the 
outrush would have sent a rarefaction up the tube. But the stream 
is still flowing, and the outrush deflects it to the outside of the 
edge, where its suction action increases the rarefaction. Wien the 
rarefaction returns after its journey up the tube, there is an inrush 
of air from without, starting a compression. But with this inrush 
tbe stream is again brought inside me edge and the compression is 
increased. This process goes on, the 'successive compressions iind 
rarefactions increasing until the work done by the stream of air 
on the pipe is equal to the energy radiated as sound. The time 
during which a complete wave, compression + rarefaction, issues 
from the pipe is evidently that taken by two journeys up and 
down the pipe, or the length of the pipe is XJi. 

The explanation for an open pipe is similar, but complicated 
by the fact that there is a chanjje of pliase in reflection at each end. 

This explanation so far gives no account of the fact that the 
tone of a pipe rises slightly with tbe strength of the air stream. 
This is so well known that in some organs provision is made for 
blowing certain pipes with one definite ))ressure of air and no other. 
Nor does it sliow how it happens that when the velocity of the air 
stream is sufficiently increased the pipe ceases to sound its fun- 
damental and the first overtone is the lowest tone given out. 
Perhaps when the stream of air across the open end of the organ 
pipe increases considei'ably in velocity, the suction action aids the 
conversion of a compression into a rarefaction, and the compressing 
action aids the opposite conversion so much that the open end 
approaches sensibly nearer the ideal of a perfectly yielding sur- 
face, and therefore, the "end correction" is diminished. As to 
tile tendency to give the overtone with a high velocity, we may 
perhaps find an explanation in supposing a quasi-elasticity given 
to the stream as its speed rises, making its time of return after dis- 
turbance diminish. Certainly disturbances will be more quickly 
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carried ofl', and thu stream near its outlet will soouer resuiiie its 
normal line of flow with a quick than with a slow velocity. It is 
possible then that, after a certain speed is reached, it is dimeult for 
the fundamental tone to deflect the stream for the requisite time 
of a semi- vibration. The overtone is able to do it for the shorter 
time of its semi-vibration, and so continues to be reinforced while 
the fundamental tone dies away. This explanation must be taken 
merelv as a speculation. 

It is necessary to have simjile methods of tui 
they are used in organs. With open pipes the 
opening in the aide near the top with a 
tongue of thin uietal which can be bent 
more or less over the opening, thus altering 
its size and the amount of communication 
with the outer air. With metal pipes it is 
sometimes sufficient to slightly alter the 
shape of the pipe, bending the top edge 
inwards to flatten, and outwards to sharpen 
tlie note. In many pipes there are side- 
plates, one on each side of the embouchure, 
antl by bending these in or out the same 
efl'eit is produced as by contracting or ex- 
panding the upper end. 

Stopped-organ pipes are always closed 
by a piston fitting rather tightly in the 
upper end. Tliey are tuned by moving 
the piston up or down. 

The nature of the motion in an open 
pipe may be illustrated by lowering into 
the pipe a drumhead of paper stretched 
over a ling, with a little sand scattered 
over tlie paper. At a node, with no motion 
and only variation of pressure, the paper 
is still ; but as the drum ytasscs a node 
and moves towards a loop the motion in- 
creases, the paper is shaken up and down 
and the sand makes a rattling sound. 

Koenig has devised a very* interesting 
mode of exliibiting the variations of pres- 
sm"e at the nodes by fitting three mano- 
metric flames (see p. +fi) on to the sides 

of the pipe, as shown in Fig. 63, the membrane at one side of the 
gas chamber of each flame forming part of the wall of the pipe. 
When the i^ijie is sounding its fundamental tone, the middle point 
is a node with variations of pressure, and the flame at that jwint 
jumps up and down more than the other two. When the air 
blast is so far increased that the fundamental gives place to the 
first overtone, the middle point is a loop with no pressure vaitatiun, 



1 




ns 



PIPES AND OTHER AIR CAVITIES. 



and the middle flame is stil!, while the other two, being at or near 
nodes, are greatly affected. 

Reeds. — A reed consists of a tongue of metal fixed at one 
end and "ith the free end over an orifice, through which air 
is forced. The I'ecd may overlap the orifice, when it is termed 
« beatiug reed, or it may be less than the orifice, when it is termed 




a free reed (Fig. 64), ITie wind blowing past the edges of the 
reed sets it in vibmtion, and so it alternately checks and allows 
the flow of air, and produces a regularly intermittent disturbance. 
In instruments of the hamnmiuni and concertina class there is no 
accompanying pipe, the reed is alone concerned in the sound pro- 
duced, the note uependiag chiefly upon its elasticity, material, anil 
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form. But the orifice and stream of air ure esseatial in the production 
of a loud sound, and doubtless modify the frequency of the reed. 

In the orgHU, the i-eed is used in general in conjunction with 
a pipe to serve as a resonator reinforcing the tone given out by 
the reed. Tuning is effected by lengthening or shortening the 
vibrating tongue hy moving a wire which presses hard against it. 
This is shown in Fig. 6i, C. 

The flute and flageolet are similar in their action to open 
organ-pipes. In the former, the player blows against the sharp 
edge of a round orifice in the side of the pipe, and in the latter 
the mode of excitation is exactly the same as in the organ-pipe. 
The length of effective pipe is varied by unstopping openings 
with the fingers or by opening valves. 

There are several moutli instruments, its the clariuaet and 
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?ia. OS, A.— llie Urjni, u wen 
the laryngoscopB, L, the tongue; E, 
epiglottis ; V, vntleeutB ; R. glottin ; Lr, 
tniB JoeaJ chorda; S^, ainvu Morjiogtii 
LvM, fiJH Toool obord* ; P. iXBdli"!) ui 
pbaryni ; .'^ ciirtila(ta of S 
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oboe, in which the reed is used ; but in these it executes forced 
vibrations, being to & large extent, though not entirely, governed 
by the length of pipe. It may be regarded chiefly as emphasising 
the intermittent character of the stream of air which keeps up 
the vibration in the pipe, though not without some iriflueace on 
the length producing a given note. 

In mouth instrumeiits, such as the trumpet and hum, the lips 
of the player serve as exciters of the vibration. 'I'hey are stretched 
more or less tightly across the mouthpiece, and when the breath 
is forced through them, they each act as a kind of reed, forming 
together what we may term a, double reed. The note they give 
varies with the tension to which they are subjected. The player 
titn extract from the instrument either its fundamental oi' any 
one of a certain range uf overtones by modifying the tension of 
the lips. In some instruments of this class the notes can be varied 
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by valves in the side of the pipe. If one of these be opened, the 
effective length of the pipe is shortened and the fundamental tone 
and all the harmonics are raised in pitch. 

The human voice-organ may be regarded as a double-reed 
instrument. In the larynx — the passage from the lungs — are two 
membranes, the vocal chords, just behind the projection in the 
throat known as "Adam**s apple.*" These are attached one to 
each side of the larynx with a free straight edge across the tube 
(Fig. 65, A and B). 

When we wish to sound the voice, we draw these membranes 
tight by a muscular effort, so that their edges are nearly parallel 
and nearly touching (Fig. 65, B). The larynx is thus nearly 
closed, and on forcing out the breath from, the lungs, we make 
the vocal chords vibrate as a double reed and give out tones to 
which the cavities of the mouth and nose resound, and so the voice 
is produced. 

The Velocity of Sound in Pipes 

An approximate value of the velocity of sound in free air 
may be obtained by the experiment represented in Fig. 65, C, 

remembering that the length of the 
pipe is a quarter of a wave-length. 
For if \ is the wave-length, n the 
frequency of the note sounded, 

but X = 4L, where L is the corrected 
length of the pipe. Then 

U = 4«L. 

But the velocity so obtained is not 
(juite that of a wave in free air, but 
of a wave in the pipe used, and sub- 
ject to the constraint and consequent 
friction of the sides. Both experi- 
ment and theory show that the velo- 
city diminishes with the diameter of 
the pipe. This dependence came out 
very clearly in Regnault"*s experiments 
on the velocity in tubes (p. 28). Thus 
he found that the velocity in a tube 
10*8 cm. in diameter was 324*25 
m./sec, while in a tube 110 cm. wide 
it was 330*3 m./sec, tending towards 
an upper limit as the diameter in- 
creased. Several experimenters have sought to detei*mine the 
relation between U and the diameter D. It will be sufficient 




Fio. 66, C. — Pipe open at the 
upper end, cl(Med at the lower 
end by a water-surface, of which 
the level may be varied by raising 
or lowering a water-cistern con- 
nected by flexible tube. The vibra- 
tion excited by a fork. Eesonance 
where the length of the air column 
is a quarter wave-length of the 
fork. 
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^m if we here refer to a research by Blaikley.' He used an organ- ^H 


^M pi[)e with a pear-shaped cavity just above the speaking mouth, ^H 


^H continued into a straight cylindrical pipe with a sHding plug ^^| 
^H in it. He first made the tube sound when the plug was >n a ^^M 


^M given position, and then moved the plug out- ^H 


^1 wards to such a position that the |)ipe could 




■ give the same note as before. The added 


-|l 


^H length was the distance between two nodes . 
■ or iX. 1 
P Experimenting with seveml tubes, he found 


1 a e 


|jf 


very satisfactory agreement with the formula 


3 MO 


already given on p. 28," 


i~i 


■ °\ DjS/ 


-^ 


H where Uo is the velocity in open air, D the 


|5- 


^1 diameter, and N the frequency- The most 


^H satisfactory value for U. he found to be 


il'% 


■ 331-676 m./sec. 


■|?3 


■ Kundt's Daat-Tabe Method.— Kundt de- 


J ^i^ 


^M vised a very beautiful method of showing the * 


■ mode of vibration on a tube closed at both s 




^H ends, and of determining the velocity of air 


^1 waves in such a tube. 1'he apparatus is i-c- 


^B presented diagrammaticaliy in Tig. 66. The 


,, ^1^ 


^M " wave-tubf," which must be very dry, has a 


■=ii- 


^M little lycopodiuni dust scattered along it. It 


■sfi's 


^H is closed at one end by a tight piston, a, and 


.. t\z°. 


^H near the other end is a loose piston, b, at the 


"iH 


^M end of a glass or metal rod— the sounding-rod. 


ii-ii 


^M This is clamped (irmly at its middle point, d. 


^1 and on stroking it with a wet cloth if glass, 
■ with a resined leather if metal. It vibrates 


111! 


^M like the air in an open pipe, giving its funda- 


ii-.i 


^1 menial tone, d being a node and b a loop. 


* 3 S S 


^H The piston at h communicates motion to the 


^M air in the wave-tube, and if the piston at a is * I 


! tt-ii 


^H carefully odjus-ted to some particular position, 


^H exact resonance occurs and a loud clear note 


^H rings out- The lycopodium dust is caught < ■-■a ^^^m 
^M up by the air moving at the loops, and settles ^^H 
^H down where there is no motion, that is, at the nodes nnn. ^^H 


^H 'llie piticess may be watched, for at each stroke of the exciting ^^^| 


^H ro<l clouds rise from the loops, and the heaps collecting at the ^^M 
^H nodes increase. Tlie velocity of sound in the material of the ^^H 


^H sounder being many times that in air, there may be many nodes in ^^^| 


^B > Phui. 39e., vol. vi. 1884-5, p. ZZ%. ^^H 


1 1 
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the wave-tiil)e, the iirat being at a and the last near li. The piston 

b is the source of the energy, and coniniuiiicates all the niutioii ti* 

the air. But the amplitude of vibration in the air soon far exceetl: 

that of the rod, so that the iiiotiuti of b correspond! 

to that of a point much nearer a node than a loop. 

I ])y measuring the average distance between the nodal 

a K heaps the half wave-iength in the tube is determined 

l-t withsomeexactnessjand thence U = n\ may be found. 

^—1 t, S Replacing the air by any other gas, the velocity in 

that gas may be determined. 

In the first form of the apparatus the souiiding- 
rod was clamped at its centre by the cork closing 
the end of the wave-tube. The vibrations were 
thus communicated to the solid walls of that tube, 
and not only were the appearances complicated, 
but the note was rendered slightly variable. Kundt 
finally adopted a form, represented in Fig, 67, with 
two wave-tubes containing difl'erent gases and a single 
sounding-rod. TTiis was supported at J and J of 
its length, the nodal points for its first overtone, 
by passing it through india-rubber sheets covering 
the ends of the wave-tubes, and it was sounded 
by stroking it iu the middle. The same note was 
of necessity sounded in the two tubes, and the india- 
rubber connection between sounder and wave-tube 
did not cari'y much vibration from one to the other. 
Kundt found that for a given gas the velocity 
increased i\ith the diameter of the tube and the 
wave-length, while it decreased with the roughness 
of the tube and an exce.'ts of lycopodium. He 
showed that the velocity was independent of the 
pressure and proportional to the square root of 
thi absolute temperature. He also found relative 
values ot the veloLit> in difl'erent gases, taking 
that ui air an 1 AVullner, using Kuudt's method, 
and applying to his results Kirchoff's modification 
of Helmholtz's formula for the velocity in tubes, 
calculated the following velocities at 0° in free gas: — 
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£ti 



Air 



tl 



Carbor 
Carbon oxide 
Nitrous oxide 
Ammonia 
Ethylene 

Kundt and Warburg have used the double wave-tulie to deter- 
mine the ratio of the specidc heats or 7 in mercury vapour.* 



331 90 
337-IS 
259-3S 
259 64 
41B-99 
315 90 
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One tube contained air, aikI the other, whicli wiis sealed, contained 
mercury vitponr maintained at a high temperature in an oven. 
As dust to show the nodes quartz sand was used, and from the 
experiments the velocity U was detennined. But (p. 20) V'^ = 'ji'lp. 
The temperature and the molecular weight of mercury gave P/p, 
and hence y could be determined. It was found to be i'(ii6. 

Experiments on PressuTe-Ohange and Motion in Organ- 
Pipes. — Kundt ^ devised a water manometer, provided with a 
valve, whicli could be fixed at any point in the walls of a pipe. The 
valve ojjened outwards, and allowed a little air to escape into the 
manometer at each compression, until the presisui-e in the mano- 
meter was equal to the maximum pressure occurring within the 
tube at the point. The valve consisted of an india-rubber or 
gntta-percha membrane over a narrow slit in a metal plate. It 
was stretched so as not to he very different in tone, when blown 
as a reed, from the organ-pi|)e to which it was attached. This 
ensured its quick response to variations of pressure. By making 
the valve open inwards, the minimum pressure couJd be measured. 
Kundt found differences of pressure in a closed pipe SO cm. long, 
amounting to 30 cm. of water on each side of the normal pressure, 
say l/34ith of an atmosphere. From this we may calculate the 
amplitude of the vibration, for the stationary wave in the pipe 
may be regarded as made up of two equal and opposite progressive 
waves, to which we may apply the investigation of Chapter II. 

Let the amplitude in one of these waves be a, the maximum 
velocity of a particle in the wave «, the frequency n, and the 
variation of pressure p, while the velocity of sound-wave is U 
and the normal pressure is P. ITien, if the particle moved round 
in a circle on its actual path as diameter with a uniform velocity 
e(]ual to the maximum u, it would go round the circle in the time 
of vibration in the actual path, ilien in one second it would 
travel 

But (Chapter II. p. IS) 



Then eliminating u 



= 2T«yP = 7r7P- 

where I is the length of the pipe. 

Using the values of the quantities given above, viz. — 
/=30,p/P = l/G8, 
and putting 7 = 1 ■4, we find that at the open end of the tube 
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We must double this for the stationary wave, and again for the 
whole swing. Thus the extent of vibration is nearly 1 cm. 

Another method of investigating the range of pressure has 
l)een devised by Topler and Boltzmann. This depends on the 
lengthening and shortening of the path of one of two interfering 
beams^ of light, and the consequent shifting of the interference 
fringes by the compression and rarefaction of the air in the pipe. 
In a particular case, they deduced an amplitude of 0*25 cm.^ 

Mach^ investigated the excursion directly by the following 
method. An organ-pipe was fixed horizontally, and along the 
top wall on the inside ran a platinum wire previously wetted with 
sulphuric acid. When the wire was heated by an electric current, 
a nne line of vapour descended from each drop. The pipe was 
closed by a membrane at the centre to prevent any through 
draught of air, and when it was blown, the lines of vapour were 
carried to and fro ; one of the side walls was of glass, so that the 
lines of vapour could be seen, and their extent of excursion 
measured by a stroboscopic method. The excursion at the end of 
an open pipe 125 cm. long was 0*4 cm. 

£xtent of Excursion in Waves Necessary for Audibility. 

— Lord Rayleigh^ made an experiment on the amplitude of 
vibration in a sound just audible. The sound was produced by a 
whistle, of frequency 2730, blown by a measured current of air at 
observed pressure, the rate of working in producing the blast 
being 

W= 1850000 ergs/sec. nearly, 

and it was certainly audible at a distance of 820 metres. 

Now if V is the maximum velocity of a particle in a wave, it 
is easy to show that the average energy, kinetic and potential, per 

cubic centimetre, is ^. 

If, then, it is assumed that the energy travels out in a hemi- 
sphere in the form of sound-waves, and that v is the maximum 
velocity of a particle 82,000 cm. from the source, the energy pass- 
ing per secona through the hemisphere of that radius is 

W = 7r X 82,0002 X 34,100 x -0013 x v^-, 

where 34,100 is the velocity of sound at the observed density of 

the air, '0013. 

This gives t;= '0014 cm./see. 

But 27rwfl = V 

whei-e a is the amplitude and n is 2730. 

^ Pogg, Ann,, czli. ; Rayleigh, § 322a, 2nd ed. 

* Optiseh-AktutUehen Vertuche, 

• Proc. Ray, Soo,, xxvL 1877, p. 248 ; Sound, n. § 384, 2nd ed. 
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Whence n = 8'I . 10- cm. 

Another method of experiment carried out later gave 
fl=12-T x lO-^cm. 

Other Air Cavities. — The term " pipe " is usually applied to 
a tube with a diameter small compared with its length. But musi- 
cal notes may be obtained from cavities in which this condition is 
not fulfilled. Savart investigated the frequencies of cavities with 
rectangular section. He found, with cavities closed at the upper 
end, that if the embouchure runs along the whole of a lower edge, 
the length of that edge, or, in other words, the width of the side 
rising from it, has no cH'cct on the fre(]uency. This we might 
expect. He also found that the frequency was inversely as the 
square root of the area of tlie other vertical side, i.e. invei-sely as 
the geometric mean of the two edges other than the embouchure, 
so long as the height was less than six times the depth irom 
front to back. When the height was more than twelve times the 
depth, the depth ceased to have any considerable effect, and the 
pipe might be regarded as an ordinary organ-pipe. 

Cavaill^-CoU found that for open pipes of length / and depth 
p from front to bock, 

/= 2A. ^ 2/(, 
where X is the wave-length. 

For round pipes of diameter d he found that 

Savart found expcnmentally that for exactly similar cavities 
the periodic times are directly as the linear dimensions. This is 
a particular case of a general law applying to all vibrating systems 
in which stress is proportional to strain, and known as the principle 
of dynamical similEirity. For consider two systems having linear 
dimensions in the proportion l^ : l^. Let them have similar dis- 
placements at corresponding points, i.f, displacements as /j : /j. 
Taking elements of lengths as Z, : /,, these ai-e altered in length in 
the ratio /, : Ip and corresponding volumes therefore unilergo equal 
strains. Hence, if the co-efficients of elasticity are as E, : Eg, the 
forces per sq. cm. at corresponding points are as E^ ; Ej. Now, 
thinking of similar parallelopipetis at corresponding points, the 
forces at the ends act over areas in the ratio ^^ : l^, ana therefore 
the total forces at corresponding ends are as Ei/,- : Ej/,*. The 
forces at the opposite ends are in the same ratio, and therefore 
their differences producing acceleration are also in the same ratio. 
The masses arc in the ratio pjl^^ : p^^ ; so that the accelerations 

E,/,Vp,V : FVj'/pA" - E,/P,', : E,Wr 



1 

I 

I 



120 PIPES AND OTHER AIR CAVITIES. 

But these are for displacements as Zii/^; for equal displacements 
they are as 

The periodic times, being inversely as the square roots of the 
accelerations for equal displacements, are as 

_ii_. _^a_ 

Pi p2 

In the case of air filling both systems, Ej==E2 and Pi=p^ and 
therefore 

or the times of vibration are directly as the linear dimensions. 

It may be noted that the times are proportional to the times 
taken by waves to traverse the two systems. 

The modes of vibration of various air cavities have been 
investigated both theoretically and practically. The theoretical 
investigations in several cases will be found in Lord Rayleigh'^s 
Saimd. The most important, practically, are those of resonators 
with and without necks, but the results are too complicated for us 
to consider here. 

Another case of some interest is that of a rectangular closed 
cavity, say an ordinary room. Often there is a particular point in 
a room at which the sounding of a given note will lead to a long 
resonance. Among the various modes of vibration, each length 
has its own modes, as if it were a closed Kundt's tube, and pos- 
sibly the point at which the resonance is most plainly heard may be 
one where the vibration can be excited in two directions at once. 

The Vibrations of Liquids in Pipes complicated by the 
Yielding of the Walls. — In order to find the velocity of sound in 
a liquid, Wertheim immersed a pipe in a liquid and blew it with 
the liquid itself, obtaining an audible note. The formula appli- 
cable to air pipes gave for water a velocity U=1173 m./sec. at 
11°, a value much below the true one. Kundt and Lehmann^ 
applied the dust-tube method, using iron plugs, and they found 
that as the diameter decreased the velocity increased. This was 
doubtless due to diminished yielding of the walls in the narrower 
tube. The yielding quite vitiated the generality of Wertheim's 
result, and made the method valueless. 

^ Fogg. Ann.; cliii. (1), 1874. 
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CoNTFNTB. — Vibration of Rods — of Platen — of Bella — niid of Memliranes. 

Is treating of the vibrations of solids, it is necessary, except with 
strings, to take into account the elasticity of the vibrating 
material. Is this chapter we shall consider some of the simpler 
cases of vibration of rods and plates, though, except in the single 
case first treated, we shall not enter into any mathematical 
investigation. 

Longitudinal Vibration of Kods. — If a glass rod or tube, say 
2 or 3 i'eet long, is clamped in a vice at one end, and stroked near 
the other end with a wet cloth away from the fixed CTid, it is 
easily made to vibrate longitudinally, giving out a loud and 
ringing note. If held or loosely claiiipea at a third of its length 
from the free end, it gives the twelfth of the fmidanicntal note. 
In fact, by fixing the nodes properly, it may be shown that 
the modes of vibration are like those of an air-pipe closed at 
one en<!. 

If a i-od of double the length is clamped at its middle point, 
it gives the same fundamental note. If free in the middle, but 
clamped ^ of the length from one end, it cives the octave, and, in 
genera!, its modes of vibration are those of an open aii-pipe. 

Similar vibrations may be obtained from metal or wooden rods 
by stroking them with leather powdered over with resin, or even 
with the fingers, if (juite fi-ee from grease. A " wood h arm onicon " 
has been constructed with rods projecting from a sounding-box, 
and of lengths giving the notes of the musical scale, but it is 
utterly without musical value. 

We have the analogue of a closed air-pipe, such as the column 
in a Kundt's dust-tube, if we stretch a wire between two [xiints 
and stroke it with a wet or resined cloth. It may be made to 
emit a fundamental note vibrating as one length, and, on damping, 
it gives harmonics. The uotes are usually harsh in quality, but of 
easily recognised pitch, and follow the order of those of a closed 

The frequency for a gi>'en material is, in all these cases, pro- 
portional to the length between contiguous node and loop, and 
IS independent of the thickness, so long as it is small compared 
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with the length. This suggests a speed of travel along the rod- 
uniform and depending only on the material, and not on the cross 
section. We should expect such uniformity if the disturbance is 
longitudinal, and if the forces called into play are the ordinary 
forces investigated in the stretching or compression of a bar, those 
given by Young'*s modulus. For the force per unit area of the 
cross section depends on the stretching or compression, and if the 
cross section, and therefore the mass to be moved, be altered in 
any ratio, the force moving is altered in the same ratio. 

It should be noted, however, that in stretching or compress- 
ing a rod there is a side contraction or expansion, which bears 
a ratio (known as Poisson's ratio) to the longitudinal expansion 
or contraction. This ratio cannot exceed ^. For cork, it only 
slightly exceeds 0. Generally it is about J or ^, while in the 
case of jellies and india-rubber, in which the total volume change 
for moderate stretching forces is small, it is near the upper limit i. 
Hence, as a wave of longitudinal or axial disturbance travels along 
a rod it will be accompanied by radial disturbance. We can form 
an idea of the importance of this radial motion thus : — Let ADB, 




Fia. 68. — Displacement Diagrams for longitudinal and 
radial displacements in a rod. ADB longitudinal, XCY 
radial. 

Fig. 68, be the longitudinal displacement diagram for a vibration 
of a bar, supposed round for simplicity. We may also suppose 
the curve to he a curve of sines. Take lengths AH, HK, KL, &c., 
each equal to the radius of the bar, and complete the diagram as 
shown ; then PH, QS, RT, &c., represent the extension of lengths 
equal to the radius. If, then, a denotes Poisson's ratio, the radial 
displacements of the outside of the rod will be o-PH, <rQS, aRT 
at the sections AH, HK, KL. These obviously decrease from A 
towards C, and di-awing AX = aPH, this is the amplitude of the 
lateral displacement at the surface. The displacement diagi*am can 
be shown to be a curve of sines of the same period as the longi- 
tudinal one. Clearly, then, if AH is a small fraction of AB, PH 
and ajbrtiori AX will be a small fraction of CD, and the kinetic 
energy of the radial displacement is negligible compared with that 
of the longitudinal displacement. 

We shall now show that if we neglect the radial motion the 
velocity of propagation of a disturbance is 



^Young's modulus -r density. 
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The mode of investigation is similar to that used in Chapter II., 
and we shall make similar assumptions, viz., (1) that the displace- 
ment is small compared with a wave-length, so that Young's 
modulus is constant (we shall see in the investigation how this is 
implied); and (2) that the displacement is the same for the whole 
of a cross section. We shall suppose a disturbance to be made 
and external forces applied in such a way that the disturbance 
is made to travel with uniform velocity, U, unchanged in form. 
Equating the force as given by the disturbance with the force as 
given by mass x acceleration, we shall find a value of \J when the 
applied forces are all removed. 

Let the curve HPQK (Fig. 69) represent the displacement. 
I^t the external or applied force on the element MN of the rod 
per unit cross section be X.MN. The decrease in length per unit 
length at P is easily seen to be PS/ST. Then the force across 
the section at M per unit area is M • PS/ST, where M is Young's 




Fia. 69.— Displacement Cunre for a longitudinal disturbance, all the 
ordinates being very small. TP, TQ, tangents at points so near each other 
that TP=TQ, and ML=LN. 

modulus for adiabatic change. Thi3 is, for metals, nearly the 
same as for isothermal change. The force across the section at 
N per unit area is M • TV/VQ or M • RS/ST. The resultant is 
M • PR/ST = 2M • PR/MN. The total force on MN i^er unit area 
is, therefore, 

XMN + 2M PR/MN . . . (1) 

Now turning to the expression of force as rate of change of 
momentum. If the displacement changed uniformly in the time, 
MN/U, taken by the disturbance to travel from M to N, the 
ordinate QN would grow to MR. But it actually grows to MP, 
so that RP is the total displacement under the acceleration, which 
we denote by a, 

^ ^^^ RP = lap = L X M NVU2 



and 



fl = 2RPxU2/MN2. 
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The mass-acceleration of length MN, cross section 1, and 
density p is 

paMN = 2pRP X UVMN . . . (2) 
Equating (1) and (2) 

XMN + 2M • PR/MN = 2/oPR x U«/MN, 

*°^ X = 0,ifU« = ^, 

p 



or U= JMjp* 

Since, then, a longitudinal wave travels along a rod or wire with 
constant velocity, we may apply the reasoning already used with 
regard to strings and pipes. Making two trains of equal waves 
move in opposite directions with equal velocities, we obtain a series 
of stationary waves. A fixed end of a rod or wire is a node, and 
a free end is a loop. We can then select the part of a system 
of stationary waves suitable to the system under consideration, 
the frequency of vibration being U/X=U/47, where I is the dis- 
tance between a node and the next loop. The reader will easily 
see how to obtain the results if he has followed the reasoning in 
the case of pipes (Chap. VII. p. 108). Here there is no loop 
end-correction. For close to the free end the force must be in- 
definitely small, otherwise the acceleration of the last layer would 
be indefinitely great, since an entirely unbalanced finite force 
would be acting on an indefinitely small mass. 

The observation of the frequency of the note emitted by a 

* It may be interesting to find the value of X when U has not this critical 
value, though the result is not applicable to Sound. 

If r is the radius of curvature of the displacement curve at F, and if $ is the 
angle which it makes with RF, 

RP'2rcos^ = RQ3. 

But according to our preliminary assumption, is nearly zero, and RQ id 
nearly equal to MN. 
Then 2RP_1 

and 



■K"-"-) 



For instance, in a belt connecting an engine to a machine which it tnms, we 
may regard the strained tight part and the unstrained loose part as the two 
portions of a wave going round the belt with velocity relative to the material 
equal to the circumferential velocity of either wheel. Then the frictional drag 
of the wheel against the belt must be such as to give a force per cubic centimetre 

equal to - ( Uo'-U* ], where U© is the unconstrained wave velocity and U is 

the actual velocity. From the analogy with forced oscillations we may term 
this a "forced wave." 
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jnveii solid rod might be used to give us the velocity of sound in 
the rod : thia is of little practical value. But since M=pU* agd 
U = «X, the same obaervation can be made to give a value of 
Young's modulus, which is of great praoMcal importance. Wert- 
heim in this way investigated the value of Young's modulus of 
many suhstances, finding it also directly for tlic same substances by 
loading wires and observing their extension. The two methods 
give nearly the same result, though the sound method gives always 
a slightly larger value, the excess being too great to be acconnted 
for by the fact that in one experiment we are dealing with the 
adiahatic, and in the other with the isothermal modulus. 

Kundt's dust-tube aftbrds a pretty method of couiimring the 
velocities in rods of different materials. ITie ends of the sounder 
being loops, its length is J\ for the note emitted in the rod. The 
distance between consecutive dusb-heaps in the tube is j\ for the 
same note in air. Hence 



Velocity i: 
Velocity i 






length of rod 
length between dust-tieaps' 



1 

I 



and comjMring the lengths between the dust-heaps with different 
sounders, wc obtain the ratio of the velocities. 

Below are some values^ for the velocity in different materials, ob- 
tained from Wertheim's determinations of Young's modidus, and the 
values for materials of tlie same name, obtained by Kuqdt'e method. 



Uatwiul. 


Werthflim-B 
Velocity in cm./wo. 


Eundt-B 
Velocity, .ir=I. 


Brass . 

&■: : : 

Glass . 


365,000 
375,000 
520,000 
520,000 


10-S7 

15-34 

15-25 



It may be shown' that the velocity is diminished when the 

radial motion is too large to be neglected, and by ■ - of the full 

value, where it is Poisson's ratio and d and \ are the diameter 
aiid the wave-length. There is, therefore, a kind of dispersion of 
the constituents of a compound wave ; so that in a " toy tele- 
phone," which consists of two drum-beads connected by a fine wire, 
one being spoken into by the sender, and the other being held to 
the ear oy the receiver, the fundamental tone of each note will 
travel' more rapidly than the harmonics. The slight practical 
importance of this will be realised by working out the case of a 
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note of 1000 freeiuency in a brass wire 1 mm. in diameter fl9 
B.W.G,). It will be found that the slowing down is only one 
thirty-six millionth of the velocity for a very long wave. 

Torsional Vihrations. — If a rod or string be bowed perpen- 
dicularly to the axis with considerable strength, it may be made 
to vibrate torsionally, twisting to and fro round the axis. ITie 
torsional vibration of a monochord string may be rendered evident 
by putting a circular ring of paper on the wire, completed, after 
it mcludes the wire, by a piece of gummed paper. It turns 
rapidly round and round, first in one direction then in the other. 

Torsional vibrations are usiially of no practical importance. 
We shall not, therefore, investigate their frequency. The reader 
who has studied the torsional vibrations of wires in Elasticity will 
be able to adapt the general mode of determining wave velocity 
to this case, lie must now take moments of the elastic forces 
and moments of the acceleration of momentum round the axis, 
and find their values in terms of the lengths on a displacement 
diagram with ordiuates equal to the actual displacements of the 
outside of the wire. The velocity of propagation will be foinid 
to be Jnjp, independent of the radius, where n is the co-efficient 
of rigiditv. Hence the fundamental frequency of a wire of length 
I fixed at the ends is — yjnjp. 

Transversal Vibrations of Bods. — The theory of the trans- 
versal vibrations of rods has been very fully worked out when 
the thickness in the direction of vibration is small compared with 
the length. The results of the theory have been very cJoselv 
verified by experiment, which has in this case rather followed 
than preceded theory. The methods of investigation are far too 
advanced for this work, aud we shall only quote the results. A 
full investigation will be fomid in Lord Rayleigh's Sound, vol. i. 
chap. 8. A simpler treatment is given m Violle's Cmtra de 
Pkifsigite, tom. ii. A. p. 195. 

There are various cases, according to the mode of support or 
fixation, but we need here only take three of these. 

Both Ends Free. — The harmonicon, which in civilised countries 
is merely a toy without musical value, aflbi'ds an example of rods 
of this kind. It consists of a series of thin flat bars of iron, 
glass, or woo<l stretched across two more or less yielding supports, 
and the bars are struck with a yielding hammer. The frequencies 
of the tones emitted by such a bar are given by 

where U= JMjp is the velocity of longitudinal waves, K is the 
radius of gyration of the section, / is the length, and m has a 

1 of values, of which the first is 3011 J, and the rest arc 
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given to four figures by 6^, 7^, 9^, &c. The nodes in the first 
three tones are in the positions given in the following table : — 



Number of 
Nodes. 


Positions in Fractions of Length 
from one End. 


Frequencies, 


2 
3 
4 


•224, -776 

•132, •S, -868 

•094, -357, •643, •906 


1 

276 

640 



These tones can easily be obtained from a long flat bar, such as 
a very long bar magnet, and even from a wooden metre rule, by 
placing the supports at the nodes. In the latter case the tones 
have not much musical quality, but can easily be distinguished 
if the bar is tapped with the finger-nail. 

Both Ends Fixed. — ^Apparcntly no musical instrument has been 
devised with such rods, and their only interest is theoretical. If 
the ends are fixed, so that their inclination cannot be changed (as 
when a rod is clamped at the ends in two vices), the frequencies of 
the tones emitted are exactly the same as for a rod of the length 
between the clamps and free at both ends — the case last considered. 
The first tone has no node, the second has one in the middle, and 
the third has two, respectively at distances '359 and '641 from one 
end. 

One End Glamped, the Other Free. — Rods of this kind are used 
in musical boxes. The tuning-fork may also be considered as a 
pair of such rods clamped parallel. The free reeds used in some 
organ-pipes, and controlling their vibrations, are also clamped 
rods, though their period is doubtless afiected to some extent by 
the air in the pipe. 

The tones emitted are given by 

w = irUK»i2/2/2, 



iTT 



kTT 



where m is 1'194} , 2'989^, or, to several figures, one of the series 
"o"' ~0"> • • • '^^^ positions of the nodes are given in the table below. 



Number of 
Nodes. 


Positions in Fractions of Lenp^tb 
from Free Find. 


Frequencies. 



1 
2 
3 


•226 

•132, -5 

•094, -366, -644 


1 
6-25 

175 
34-3 
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niese i-esults may be? roughly illustrated by clamping a I 
ting-neetlle in a vice and souuaiiig it by drawing a fiddle-bow 
across a loop, a node being damped. 

The very rapid rise in frequency of the overtones is of great 
practical importance in the case of tuning-forks. Tlie first over- 
tone of a fork with uniform pronga is more than SJ octaves abovo 
the fundamental tone, and the second more than 1 octaves ahove, 
and these die awa)- more rapidly than the fundamental. The ear 
is, therefore, chiefly impressed by the fundamental tone, \Vheii 
the fork is held over a cavity resounding to this tone, the cavity 
is not likely to resound to the overtones as well, and so the pre- 
dominance of the fundamental comes out still more strikingly. 
In practice there are greater or less departures from uniformity in 
the construction of tlie pronga of forks, and therefore the over- 
tones are not quite those for uniform bars. Von Hclniholtz fomid 
that in some forks which he examined the fretiuencies of the first 
overtones lay between 58 and 6'6 times the fundamental fiequency. 

Lord Rayleigh has pointed out that when a fork is mounted 
on a resonance-box the octave may generally be detected in the 
note given out by the box. This octave is due to the pull exerted 
by the prongs of the fork on the box, for they move in curved 
paths concave to the bos, and therefore require a force towards 
the box to keep them in these paths. This force will be zero at 
each point of rest, and will go through the same series of values in 
each half vibrHtion of the fork, In other words, its period is half 
that of the fork. Tlie reaction is a pull on the box of the same 
period, and therefore producing the octave. In verification of this 
view. Lord Rayleigh mounted a 256 fork on a 51S box, and fount] 
that when the fork was powerfully bowed the octave was pre- 
dominant.' 

Temperature Correction for Forks, — A rise of temperature 
acts in two ways to alter the frequency of a fork, inasmuch as it 
increases the linear dimensions and decreases the elasticity. From 
the formula the frequency is proportional to 



u^. 



where M is Young's modulus, K is the radius of gyration, I is the 
length, and p the density. But with a given bar, p is inversely as 
the volume or /*, while K varies as /. Hence 



about -I- I/IO*, 

.f the 



Now the co-efficient of expansion of steel 
while the temperature co-efficient of Young^s moduli 
order of — 2/10*. The latter, therefore, has by far the greater effect, 

' PhU. May., (S) iil. p. 460. 
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M'Letxi and Clarke, determining the frequency by the method 
of p. 43, found that the temperature co-efficient for a fork was 
given by 

.i, = «..(l - -OOOlli). 

The Vibrations of Plates. — From a muaical point of view 
the vibrations of plates have interest, in that gongs and bells may 
be regarded as particular kinds of plates. The theoretical treat- 
ment is only possible as yet with fiat or cylindrical sheets of metal, 
and is then sufficiently difficult. But since Chladni devised the 
simple mode of showing tbe nodal lines on round and square 
plates by means of sand, the great lieautv of tbe figures formed 
by the vibration of plates have always had much interest for tbe 
esperi in enter. 

Chladni's Figures.— To obtain these figures a uniform glass 





or metal plate, either round or square, is supported honKontally, 
usually by screwing it down to tlie top of an upright by a screw 
thi-ough its centre, but preferably by a clamp with cork lining to 
the jaws. This mode of suspension, while fixing tbe point clamped, 
does not fix the inclination of the plate, and so gives more free- 
dom to tbe vibrations. To excite the vibrations, the edge of the 
plate is bowed by a violin-bow pressed hard against it and drawn 
vertically downwards. The point bowed is necessarily one of 
vibration. If a point on the edge or surface is touched by the 
finger-nail, the constraint is enough to fix it; and if a mode of 
vibration exists in whicli a nodal line, or line of rest, passes through 
the point touched while the point bowed is one of motion, that 
motle of vibration will perhaps be excited. If a little white sand 
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has b^en previously scattered on the plate — the less the better — 
it is tossed from the areas of vibration on to the nodal Unes, and 
a Chladni'^s figure is formed with surprising rapidity. A skilful 
bower who knows his plate may bring out a very great variety. 
Fig. 70 shows a few figures corresponding to the lower tones of a 
square plate. The relative frequencies are marked on each, and 
the points b and d are those of bowing and damping respectively. 

With round plates there are two distinct types of vibration, 
respectively having nodal circles and nodal radii. To obtain the 
gravest mode of vibration with a nodal circle, it is sufficient to 
support the plate on the thumb and fingers at points about |^ 
of the radius from the centre, and then to strike the centre of the 
plate with an india-rubber hammer. Sand scattered on the plate 
at once collects in a circle, which is the more sharply defined the 
more limited the supports and the more exact their position under 
the nodal line. Two nodal circles may be obtained m a similar 
manner, supporting the plate about 4 of the radius from the 
centre and striking it with a harder hammer. But two and three 
circles may be more certainly obtained by supporting the plate on 
pointed corks under a nodal line and then rubbing a cord up and 
down against the side of a hole in the centre of the plate. 

Experiment and theory agree approximately in assigning the 
positions of the nodal circles in the first three cases as in the 
following table : — 



No. of Nodal 
Circles. 


Distances from the Centre. 


Frequencies. 


1 
2 
3 


•680 

•392, -842 

•277, -591, -894 


1 
4 
9 



In the diametral mode of vibration the nodal lines are diameters, 
and successive sectors move in opposite ways. The lowest number 
of diameters is two, and there may be any greater number, the 
frequency of the tone emitted being proportional to the square of 
the number of diameters. With a plate clamped at the centre 
and sanded over, it is very easy to bring out tne various figures 
by bowing and at the same time damping two consecutive nodal 
points on the edge. 

There are also modes of vibration in which the nodal lines are 
both circular and diametral. The frequency in such a mode is 
proportional to ((i+2c)^ where d= number of nodal diameters and 
c = number of nodal circles. 

In all these plate vibrations, fiuljacent segments separated by a 
nodal line move at a given instant in opposite directions. Tnis 
may be verified by holding the hand or a specially shaped cover 
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over one segment of a pair. There is an immediate swelling out 
of the sound, due to the fact that the vibrationa from the uocovered 
segment are no longer interfered with. When hoth segments are 
exposed to free nir, one is sending forth a compression when its 
neighbour is sending forth a rai-efaction, and the two practically 
neutralise each other at a little distance from the plate. 

There is a curious fact with regard to Cliladni's figures, first 
explained by Faraday. If lycopodium dust is mixeawith the 
sand on a plate, the lycopodium collects in heaps at the middle 
of the vibrating segments, and not at the nodal lines. Fartuiay 
showed that this was due to eddies of air. They catch up the 
light dust and whirl it about where they are strongest, that is, 
over the points of greatest vibration. When the motion ceases, 
the eddies die away and drop the dust immediately below the 
region where they existed. In a vacuum the lycopodium gathers 
with the sand on the nodal lines. 

Bella,— Bells are sometimes treated as if their modes of vibra- 
tion might be deduced from those 
of fiat circular plates vibrating with h_ 

diiimetral nodes, the plates being 
supposed to be turned down at the 
edges till they are bell-sbaped. But 
it is better to regard bells as modi- 
fimtious of cylinders, for this at 
once brings out the fact that the 
vibrations at the rim are both 
radial and transvei-sal. For con- 
sider a thin, circular, cylindrical 
shell ; the forces resisting exten- 
sion are very large compared with 
those resisting bending, and the „ .. , 
vibrations depending on them are ^^a' 
very much higher, just as the 
longitutlinal vibrations of a rod 
are much higher tlian the lateral 
ones. AVe may therefore regsird the perimeter 
and having a constant length. 

Taking the gravest mode of vibration with four nodes, repie- 
sented in section in Fig. 71, the motion will be entirely radial at 
the middle pointa of the loops HIKL. But the nodes MNPQ 
are not points of rest, though jwints of no radial motion; for 
clearly MH'N is less than MHN, and JML'Q is greater than 
MLQ. TTiere must therefore be tangential motion at the nodes 
to allow of these variations in length. The nodes, in fact, for the 
radial motion are loops for the tangential motion, and vice versa. 

A bell may be regarded -as a vibrating cylinder of this kind 
pinched iii at the top and bent out below, and it has just the 
same radial and tangential motions. 




Fio, 71.— SMtion of Vihi 
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The mode of vibration of a bell-shaped glass jar may be illus- 
trated very beautifully by filling it part way with methylated 
spirit and then by bowing the edge of the glass. The spirit which 
rises against the side of the jar is thrown into the centre, forming 
a cross of drops which do not at once coalesce with the body of 
the liquid. The appearance in two cases is indicated in Kg. 72. 
The non-coalescence of the drops is still without explanation. 

If a pith ball hung by a fine thread be brought up against the 
side of the jar, it is driven away at once, straight out if at H, I, K 
or L, Fig. 71, sideways if at any other point. 

The existence of transverse motion in bell vibration at once 
explains a well-known mode of sounding a wine-glass or a finger- 
glass by drawing the wet finger round the edge. Disregarding 
the tangential part of the vibration, it would be difficult to see 
how the tangential motion of the finger could arouse the vibration 

at all. But it is easy to see that the finger 
produces a tangential displacement which 
must be accompanied by a radial displace- 
ment, just as the clapper of a bell produces 
a radial displacement which must be accom- 
panied by a tangential displacement. 

Lord Rayleigh has shown that along the 
axis of a bell there is a great falling off in 
the sound. This is exactly what we should 
expect from the opposite motions of succes- 
sive segments, which should neutralise eack 
other^s effects at a point equidistant from 
all. Probably if echoes could be excluded 
the axis would be a locus of silence. 

Though the shape of a bell rendei's it 
impossible to calculate the frequencies of 
its vibrations by theory, we may, neverthe- 
less, find the ratio of the frequencies of 
two geometrically similar bells by the Prin- 
ciple of Dynamical Similarity (see p. 119), for that principle 
gives 

Ti:T, = Vv'E;F,:/2/VE^ 




FiQ. 72. — Drops on sur- 
face of Methylated Spirit in 
vibrating Glass Dish. 0, 
point of bowing ; 4 and 6 
nodal points are shown. 



or 



= / • / 



if the bells are of the same material. 

The Vibrations of Membranes. — ^These have been investi- 
gated both theoretically and practically. The theoretical investi- 
gation supposes the membrane to be perfectly flexible and uniformly 
stretched by a constant tension ; in fact, the membrane is to the 
plate what the string is to the bar. It is only necessary here to 
say that the calculated results agree with experiment as to the posi- 
tions of the nodal lines, but that the frequencies are not correct, 
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owiTifi probably to the influence of the air. The best experiments 
hfive been inade by Boiirget, portly in conjunction with Bernard.' 
Paper was found to make a good membrane. It was glued on to 
II frame while wet, and the shiinkage on drying protiuced the 
requisite uniform tension in some cases, though there were many 
failures. Tlie membrane was set in vibration by resonance, A 
series of gradually ascending pipes was used, and when the fre- 
quency of the pipe sounded agreed with that of a mode of vibra- 
tion of the membrane the latter responded, and its nodal lines 
were exhibited by sand, as in the case of plates. 

!>avart supposed that a membrane could, and did, respond to 
any sound, and that the transition from one set of nodal lines 
to another was gradual. No doubt there would be forced oscilla- 
tions excited by any tone, but Bourget showed that only when 
the source was nearly in unison with one of the natural tones of 
the membrane were the vibrations sufficiently strong to form the 
nodal patterns. Sa%'art used a pipe considei'ably higher than 
the gravest tone of the membrane, and, since the overtones crowd 
together as the frequency rises, the pipe was always near an 
overtone. 

The modes of vibration Iiave a considerable resemblance to 
those of plates. Thus in round membranes there may be either 
nodal circIes^ — starting with a single circle round the iJoundarv — 
or nodal diameters — starting with one — or combinations of circles 
and diameters. 

Sedley Taylor has devised a very beautiful method of exliibit- 
ing tlie modes of vibrations of membranes, by means of soap film. 
A film is stretched across a frame and placed over an air cavity. 
When a note is conveyed into this cavity by a pipe the membrane 
vibi-ates, and the nodal lines, being of different thickness from 
the rest of the film, are shown by the interference colours. 
Some most beautiful effects are produced, and the colours may 
be eshihited by the lantern. The insb'ument is termed the 
Phoiieidoscope. 

The drum is an example of a membrane. The tension is 
supplied by the stretching frame, and the drum, when struck, 
gives out a note of its own. 

The drum of the ear is another example of a membrane. It 
closes the external aural cavity, and is set in forced oscillation by 
the waves i-eaching it. No doubt, its tension is unconsciously 
varied, so that it will more easily take up the vibrations reaching 
it. It is probable that the restoring force is not proportional to 
the displacement, the system being complicated by the small chain 
of bones connecting the drum with the internal ear. 

• Rajleigh'a Sound, i. § 213. 



1 



CHAPTER IX. 

VIBRATIONS MAINTAINED BY HEAT— SENSITIVE 
FLAMES AND JETS— MUSICAL SAND. 



Contents. — Trevel van's Rocking Bar — Singing Flames— Sounding Tube — 
Sensitive Flames and Water-Jets — Musical Sand. 

Certain phenomena now to be described are linked together by 
the fact that musical vibrations are maintained by the communica- 
tion of heat. The simplest case is that of Trevelyan's Bockillff 
Bar. This is a brass '*bar" of the shape shown in Fig. 73. 



o 




a. 

Fig. 73. — Trevelyan's Rocking Bar ; face a, section 5; about \ size. 

When heated to sonic point below the melting-point of lead, €tnd 
placed face downwards, with the edges of the V groove (shown in the 
section b) on the edge of a lead plate, the bar begins to " sing," 
emitting a very rough note. The note may be made to rise in 
pitch by slightly pressing the bar. We may explain the action 
thus: — 

When one edge of the V groove comes in contact with the 
lead, it makes a little depression which tends to rise up again and 
throw the edge up ; in other words, the edge rebounds. But the 
edge has given heat to the lead which makes it expand, and all 
the more since, for a metal, lead is not a very good conductor. The 
heating is therefore comparatively local. It takes place, also, chiefly 
during the rebound, since there is some lag owing to the time 
taken for heat to be conducted from the brass. Hence there will l)e 
an expansion of the lead upwards, aiding the rebound more than it 
neutralises the original fall of the bar. More work is done upon 
the edge during the rebound than was done by it during the 
depression, and energy is given to the bar. The other edge then 
falls down and goes through the same process, and there is a rapid 
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rocking, the vibrations increasing unlil the supply of mechanical 
eoergy from the heat is equal to that radiated out as sound. 

Sinking Flames. — ^Mien a glass tube, say of ^ inch or 1 inch 
internal diameter, is lowered over a small gaa jet, to which the 
gas is supplied through a very line hole at the top of a narrow 
tube, the air in the wider tube begins to sound its note as an 
open pipe. When the jet is about i of the way up, if the 
conditions are favoui-able, the jet appears at once to lengthen 
out, and by can-ying ttie eye rapidly past the jet, or by using 
a revolving miri-or, the intermittent appearance shows that it is 
jumping up and down, probably, incleed, going out anil being 
rekindled once for every vibration. Though the effect is obtained 
sufficiently well from common gas, it 
is still more striking from hydrogen. 
This may be generated in a flask, 
through the bung of which the jet 
tube passes, as in Fig. 74. A little 
experience with various lengths of jet 
tube and sounding tube shows very 
clearly that success depends chiefly on 
the i-elation between their lengths. If 
the lower end of t)ie jet tube be open, 
as in Fig. 74, then its length must 
\k less tlian half, or more than the 
whole length of the sounding tube. 
The explanation of this was first 
given bv Lord Hayleigh,' and it is 
so excellent an illustration of the 
conditions under which vibration may 
be nmintained, that we shall consider 
the subject at length. 

It is clear that in this case the 
energy is supplied intermittently as 
heat by the successive kindlings of the 
flame. To understand at what phase 
of the vibration the supply must be 
given to maintain the vibrations, let 
that of a coll 
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consider an abstract case, 
of air fi-ee from viscosity, and contained in a 
non-conducting vertical cylinder, closed at the lower end and 
having near the upper end a smoothly working weightless piston, 
with the atmospheric pressure always exerted on its upper side, 
Since the piston is weightless, the pressure on the under side is als'^ 
atmospheric, for otherwise we should have inflnite acceleration. 
Vibrations once started in the air column will be maintained, 
the air-column forming one quarter of u stationary wave from a 
node at the closed end to a loop at the piston. 

Now the effect of a sudden communication of heat diffused 
1 Nalart, toL xviii. 1878. p. 319; Sound, il. I 3Z2,/-J. 
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uniformly, we shall suppose, through the whole mass, is to increase 
the temperature and tne pressure at once, and the mean volume 
will also be increased. In other words, the centre of swing of the 
piston is removed farther from the end of the cylinder. 

Bearing this in mind, we see that if the heat is communicated 
when the piston is at A (Fig. 75), the movement of the centre C 
outwards increases the amplitude, Le, increases the extent of 
vibration. The time is affected only very slightly, for it equcds 
4//U, where / is the mean length of the column of air and U is 
the velocity of sound. Since / is proportional to the volume, and 
this, in turn, to the absolute temperature, when the pressure is 
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Fio. 75. — Influence of Heat Communication on the Vibrations of an 

Air Column, 



constant, and since U is proportional to the square root of the 
absolute temperature, the period is evidently proportional to the 
square root of the absolute temperature. 

If, on the other hand, the heat is communicated at B, the 
centre of swing, C, is suddenly brought nearer to B, the amplitude 
is decreased, and so the vibration is decreased. As before, the 
time is only slightly affected. If the heat is communicated at C, 
we must consider the direction of motion. If the piston is on its 
outward journey, then the centre of swing is suddenly moved 
forward in the outward direction, and the piston takes longer time 
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to reach it; in other words, the periodic time is increased. 
The kinetic energy, however, remains nearly the same, for the 
restoring force near the centre of swing is small, and but little 
work will be done between the old and new positions of C. The 
piston starts from its new position with nearly the old velocity, 
and with nearly the same forces on the air, and so goes through 
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Fio. 76. — Singing Tube, with threo different lengths of jet tube. 
The jet tube must baTe a loop below, where it joins on to a wider 
tube or gas reservoir. The arrows sbow the simultaneous motions 
necessary for equality of pressure in the two tubes at the jet orifice. 
A and C, vibrations maintained ; B, vibrations destroyed. 



nearly the same swing about the new position as it did about the 
old. Contrast this with the first case, in which extra work was 
done by the restoring force through an equal distance, but at the 
greatest elongation, where it added the most kinetic energy. Then 
in this case we conclude that the periodic time increases, but that 
the amplitude of vibration is nearly constant. If the piston is on 
its inward journey when the heat is given, the centre of swing 



138 VIBRATIONS MAINTAINED BY HEAT. 

moves out to meet it, and so shortens the time. As in the last 
case, the amplitude is but little affected. 

If the heat is given, not at definite instants, but over some 
part of the time of vibration, there will be both change of ampli- 
tude and of period ; but we may conclude, generally, that the 
communication in the half period during which the pressure is 
above the normal, increases the vibration, while during the ex- 
tension half period it decreases the vibration. The effect on the 
time does not here concern us, but evidently during the inward 
motion heating increases, and during the outward motion it 
decreases the period. 

Removing the impossible surroundings and conditions, and 
coming to the actual case of a sounding pipe, we see that if heat 
be communicated during compression, the vibration will increase 
until the energy lost by the production of sound-waves is equal 
to that gained in the mechanical form from the heat imparted. 

Turning now to the singing flame, when the air within the 
tube is in a condition of vibration, it makes forced oscillations 
of the same period in the jet tube ; the condition which the jet 
tube must satisfy being that of equality of pressure always at 
the orifice of the jet in both systems. We may suppose the jet 
tube to have an open end below, where it joins a wider tube or 
gas reservoir, so that this is necessarily a loop. 

Let A, B, C (Fig. 76) represent different lengths of jet tube 
for a given length of sounding tube. In A, where the jet tube is 

less than -, the pressure will be the same at the orifice in both 

tubes only if the motion in both is to or from the central node 
of the wide tube at the same time. Hence the gas will flow 
from the jet to the sounding tube, while the air is moving from 
maximum extension to maximum compression, and will be checked 
in the other half vibration. There will be a retardation of the 
heating, partly due to the time taken for the gas to burn, and 
partly due, perhaps, to the expulsion during the first part of the 
motion of incomoustible air drawn in during the previous part 
of the vibration. Hence the heating is mainly thrown into the 
compression half of the vibration, and the vibration is maintained. 

In B, where the jet tube is more than -- and less than — in length, 

there is a node in the jet tube. For equality of pressure at the 
orifice there must be motion to the nodes at the same time in both 
tubes, and motion from at the same time. Hence, at the orifice 
the motions in the two tubes are in opposite phases, and the gas 
is drawn into the sounding tube during the naif vibration from 
maximum compression to maximum extension. Since there is a 
lag in combustion and heat-giving, the heating occurs mainly in 
the half vibration during which the extension occurs, and so the 
vibration tends to die away. When the tube is long enough to 
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have two loops, as in C, the conditions of A recur, and the 
vibration is again maintained. If there is a node exactly at the 
orifice, there arc merely variations of pressure, and the current 
of gas is not otherwise affected. The vibrations, therefore, are 
not interfered with. 

Though long cylindrical tubes are generally employed as 
sounding tubes, lamp chimneys or globes may be used. It is 
easy, too, to obtain sounds from a tube closed by a bung at the 
upper end, if air be drawn through a hole in the bung in order 
to maintain combustion. 

Ryke's Sounding Tube.— A very remarkable effect, discovered 
by Rijke, is obtained by inserting a piece of metal gauze about 




7Vifi» — * 

Fio. 77. — Time-Dwplacement Diagram for a layer of air near the 
gauze during several vibrations in Rijke's tube. QR, ST, fresh air drawn 
through the gauze and most heat given. 

a fifth of the way up a long and wide tube and stretching across 
the tube. The tube is held vertical and the gauze is heated red- 
hot by a gas flame. On withdrawing the flame, a most powerful 
note issues while the gauze cools, so long as the tube is vertical, 
but ceases at once if the tube is turned into the horizontal position. 
The explanation is similar to that just given for the singing flame. 
There is an up-draught of air — the convection current due to 
the heated gauze — and superposed on this the vibrations of the 
air set going by any disturbance. The gauze communicates most 
heat during the condensation half of the vibration, and so the 
variations, if once sufficiently started, are maintained. The reason 
for the greatest heat-giving during condensation may perhaps be 
seen most easily from the time-displacement diagram, Fig. 77, 



140 VIBRATIONS MAINTAINED BY HEAT. 

which represents the motion along the tube of a single layer of 
air in the neighbourhood of the gauze during several vihrations. 
The sine curve along the time line OA rcpi-esents the displace- 
ment due to vibration alone, and the line OB the displacement due 
to the convection up-current alone. Their summation, HMKN 
. . . represents the actual displacement. If PQ and IIS are 
horizontal tangents at P and R, the displacements from Q to R 
and from S to L represent a fresh advance over entirely new 
ground, so that in the correspontling times new cold air is coming 
against the heated gauze and the communication of heat is 
greatest. From P to Q and from R to S the displacements are 
over old ground. The air going through the gauze has already 
been through it, so that it is already warm and will not take so 
much new heat. Now, the points of maximum condensation are 
HKL, where the tangents are jtarallel to OB, and the points of 
maximum extension are MN, where the curve touches OB, so that 
Qll and ST lie more in the half vibration with pressure greater 
than the normal than in the other half. 

If the vibrations are so small that the curve in Fig. 77 ascends 
all the time, then fresh air is always passing through the gauze 
and the vibrations will no longer he maintaine<l by the heat. 
Perhaps some such effect explains an observation made by Schaff- 
gotsch and Tyndall, that when an ordinary singing tube with a jet 
in it is silent, it may lie made to sing by sounding its note from 
another source. Increasing the amplitude of the vibration may 
throw the heating more decidedly into the proper pnrt of the 
period. 

Geyer's Singing flame and Govi and Barrett's Sensitive 
Flame. — If a piece of metal gauze is held aljove a glass tube 
burner with orifice, say from tV to 3V 'n*^h wide, and if the gas is 
lighted above the gauze, the tlame is conical, quiet, and luminous 
when the gauze is just above the burner, and it is non-luminous, 
roaring, and spread out when the gauze is raised. There is a 
critical point just before roaring begins, at which the flame is 
exceedingly sensitive to certain ranges of sound. The narrower 
the orifice of the burner, the higher are the sounds to which the 
fiarne responds. \Vhen a suitable sound is made, the flame suddenly 
falls down for a moment and Iwgins to roar, and if the adjustments 
are carefully made the sensitiveness is extraoitlinary. 

Geyer found that if a tube, s*iy 12 inches long and 2 inches in 
diameter, is placed ovei" the flame when roaring, the tube sings 
loudly and continuously, far more loudly than the common singing 
tul)e. If the fiame is in the sensitive state and the tube is placed 
over it, it only sings when a note is sounded of the kind disturbing 
the flame. 

If, for instance, a narrow orifice of g'jr inch be usai, the flame is 
sensitive to very high notes, such as are contained in the sound of 
the letter S. On speaking to the flame, it will pick out the S 
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sounds and sing, or rather scream, for a moment every tiniL' the 
sound i-ccurs. 

The maintenance of the note of the singing tube j)]aced over 
the roaring ttume is probably to be thus explained. In the tir^t 
jilace, it gives rise to disturbances producing vibrations large com- 
pared with the up-di-augbt; and in the second place, the flame 
being much more spread, the velocity of the gas is less, and so it 
can l»e more easily checked and aided, both conditions necessary 
fur maintenance. 

The Singing Bulb. — Sometimes when a bulb has been blown 
at the end of a aanow tube it sings while cooling. Lord Rayleigh 
ex|>lains this by the uneijual heating of the stem. 

Suppose that a vibration has in any way been started. During 
the iiii-ush from maximum extension to maximum condensation 
the air is being carried from cooler to hotter parts of the stem, 
and is therefore in the most favourable condition to receive heat. 
Duiing the following outrush it is being carried from hotter to 
cooler parts, and is therefore in a less favourable condition to 
receive heat. Doubtless there is some lag in the phase of heiit- 
giving, and so there is a balance of heat-giving in favour of tlic 
half of the vibration during which there is compression ; thus the 
vibration is maintained. The continual in-di-aught as the bulb 
cools renders the case similar to that of Rijke's sounding tube and 
necessitates vibrations of a certain size before maintenance begins, 

The Eadiophoce. — We pass now to some phenomena in which 
intermittent heating leads to a musical note of the frequency of the 
heating, the periodicity being already impressed ou the heating. 

Messra. Graham-Bell and Tainter found that a regularly in- 
termittent beam of light of sufficient frequency falling on a thin 
solid disc — almost any solid is effective — stretched across the end 
of an ear-trumpet gave rise to a musical note of the same fi-equency 
as the intermittence of the beam. The alternate heating and 
cooling of the front face of the disc produces alternate bulging and 
sinking in of its surface, and so air-waves are sent down tne hea]-- 
ing tube. Bell proved that the disc hod this to-and-fro motion 
by placing a short stout wire with a disc at the end in contact 
with the disc exposed to the radiation. The second disc then 
sounded, showing that waves were sent along the wire. 

Subsequent reseaivhes showed that similar ellects could be 
produced by allowing the intermittent beam to fall on cavities 
containing cotton-wool, worsted, silk, or, i>est of all, lamp-black. 
Liquids and gases in test-tubes were also active The evident 
ex]>lanation of expansion and contraction, cither of the material 
itself, or, when this is porous, of the contained air, is no doubt to be 
accepted. The discoverers of this kind of vibration have termed 
any device for showing it a Radiophone. 

In one very interesting case the beam is rendered intermittent 
by the voice. On its way to a sensitive disc, on which it is con- 
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verged as a locus, the light b rcHccted from a. tliiii plane glass 
mica iiiiiTor. If the plane mirror is spoken to, it curves under the 
vibration and alters the position of the foeus, thrawing it alter- 
natelv io front of or Iwhind the sounding material, and so altering 
the cjuantity of heat absorbed. In this way musical tones have 
been transmitted some distance, and with laiiip-black even speech 
has been reproduced 40 metres from the transmitting miiTor.' 

Sensitive Flamea. — If a jet of gas be allowe<l to pass through 
a circular orilice, such as that of a glass tube drawn out slowly 
and cut oft' with an opening -^ ineh in diameter, the dame buro^i 
with a long taperJug form. On increasing the pressure, a point is 
reached at which it shortens and begins to roar. On reducing 
the pressure till the flame is just below the i-oaring point, it is 
exceedingly sensitive to & certam range of notes, dipping down 
and roaring for a moment every time one of these notes is 
sounded. Usually, with considerable pressure, high notes, such 
as those in a hiss or in the rattling of keys, are most eflbctive. 

Tyndall has studied the conditions of sensitiveness in great 
detail, and the reader is refeiTed to bis account.* 

Various forms of tiame are fomid to be sensitive, sometimes 
even those from common burners. One of the best is that of Govi 
and Barrett, already described in connection with Geyer's singing 
tube. Combustion is not an essential part of the phenomenon, for 
smoke jets are at least as much afl'ected. The flame merely 
serves to show the form of the jet. If, for instance, hydrochloric 
acid and ammonia are mixed with a jet of air, the jet is at once 
visible, and the sensitiveness may be noticed as with a flame. 

Lord Rayleigh has shown that if the efiective note is made 
to form a series of stationary waves by reflection against a hard 
wall, the jets are affected at the loops and not at the nodes ; in 
other words, variations in motion are efl'ective, and not variations 
in pressure. It can be shown that the disturbance occurs in the 
ori^ce by directing the sound by a tube first to points above or 
below the orifice, when it is ineffectual, and then to the orifice, 
when the flame at once responds. 

Lord Rayleigh^ has investigated a theory of the instability of 
fluid jets, and has shown that for a certain range of velocity a 
given jet will be imstable for a given range of periodic disturb- 
ances, i.e., the disturbances, once made, will go on increasing. 
The theory thus accounts generally for the observed facts, hut the 
details still require working out. In the sensitive flame the motion 
appears, from experiments made by Lord Rayleigh, to be converted 
by the distmbance from a more or less straight into a sinuous 
outrush. 

Sensitive Water-Jets.— AVhen a jet of water issues through 
a circulai' hole, say ^ inch in diameter, from a cistern two or 
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three feet above the hole, it is si'iisitive to vibratious. Ordinarily 
a jet issuiDg from a round hole is at first & smooth cylinder, but 
at some little distance from the hole it breaks into drops. These 

fo at different rates, and therefore collide, rebound, and scatter, 
lut if the orifice be put in solid communication with, say, a 
tuning-fork of suitable pitch, the jet appears to be continuous, 
and there is no scattenng. Really the drops are formed as 
before, but now at quite i-egular intervals, so that they follow 
in orderly procession. If the jet be illuminated by an intermittent 
licam o{ the same frequency as the influencing vibration, the 
regular issue of drops is revealed ; for, as one drop exactly 
moves into the pusitiou of the next between two successive 
illuminations, they all ajjpear at rest. If the periodic time of 
the light is rather greater, tlie drops move rather more than 
the space between during ijie darkness. Each appears to have 
moved a little farther on, and there is a slow procession. If the 
|ieriodic time of the light is rather less, there appears to be a slow 
retrogressiou. 

The regular separation of the jet depends upon the fact that 
& cylindrical surface of liquid, possessing a uniform sm-face tension, 
is unstable if its length is more than 7r times its diameter. This 
may be illustrated by stretching a soap film between two equal 
circles, say between a ring and the end of a pipe, through whicli 
air can be blown to mauitain the internal pressure. On drawing 
the ring from the pipe, and keeping up the air pressure so as to 
maintain the cylindrical form, as soon as the length slightly 
exceeds three times the diameter, the film pinches in at one end 
or the other and divides into two, one across each ring. The 
instability is the greatest if the leiigtlj is half as gi-eat again 
as this. As a stream of water issues &om an orifice, the cylindrical 
part is more than tt times as long as it is wide, and so its surface 
is unstable. K a tremor at the orifice makes a depression on the 
surface of the jet, this is carried forward and tends to dee[>en as 
it goes, through the instability. The velocity, however, caiTies 
the jet forward some little distance before complete sevei-once 
occurs, and the continuous part is therefore far larger than three 
diameters. If the depressions are made quite regularly by a 
toning-tbrk in connection with tlie orifice, equal-spacM depressions 
or necks are impressed on the jet, and it breaks up regularly when 
these are farther apart than about three diameters. If about iK 
diameters apart, the instability is greatest and the cleavage is 
most rapid. 

Assuming, for the purpose of illustration, that a jet has 
diameter U and velocity v, due to a head A, so that v^ = Sg'k; 
then for maximum effectiv 
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where n is the frequency of the fork, and 

^ Slip 

If (/=^iff foot and A = 4, n=356 nearly. 

The orderly procession of drops may be easily shown in 
another way, viz., by allowing the stream to fall on a sheet of 
stirt" paper, or perhaps better, on a tin canister provided with a 
tube leading to the ear. The note of the disturbing fork is 
clearly heard as due to the patter of the drops. 

Mr. Chichester Bell has devised some very striking experi- 
ments in which this patter is rendered audible. He finds that a 
vortical jet descending from a very fine hole, say -^ inch in 
diameter, in a glass tube under a pressure of about 15 feet of 
water, is peculiarly sensitive. When it is allowed to impinge on 
a sheet of india-rubber stretched over a tube half an inch in 
diameter, sounds of suitable frequency communicated to the 
supply tube are enormously magnified by the impact on the 
india-rubber. The ticking of a watch may be rendered audible 
in this way to a large audience by placing it on a piece of wood 
touching the tube. Evidently the vibrations at the orifice are 
imprinted on the jet, and the impressions deepen through the 
instability. If the stretched sheet is struck by the jet before it 
has actually broken up, the rate at which it receives momentum, 
or the pressure on it, is proportional to the cross section of the jet, 
which is variable with the vibrations. The pressure variation is 
greater the farther the sheet is from the orifice, and therefore the 
greater is the amplitude of the vibrations of the sheet. 

Some very interestiug experiments on water-jets are described 
in Boys's Soap BtibbUa. An account of the method of producing 
Chichester Bcirs jets is also given there (p. 161). 

Musical Saiid.^Near Mount Sinai there is a place termed 
Kl Nakous (nakous is the name for a metal plate used in Greek 
convents in the East in place of a beli), where are two sandy 
slopes so steep that any disturbance of the sand causes it to slide 
down. The neat of the sun even b sufficient to set it in motion. 
As it slides it emits a musical note. According to an account ' by 
a Mr. Seetzen, who visited the place some time before 1812, the 
sound appeared " to have the greatest analogy to the humming- 
top ; it rose and fell like the sound of the ^olian harp." 

Probably the phenomenon is to be classed with the cm-ious 
musical notes emitted by many sands when sharply struck. These 
sands are found in various parts of the world, the most remarkable 
examples in our islands occurring in Eigg, and at Studland Bay, 
near Swanage. At Barmouth, in North Wales, there is another 
example on the shore on the river-side opposite the harbour. 
> Henchel'8 Sound, § 38a 
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Mr. Cams WiJson * says with regard to tlie Studland Bay sand : 
"The beat results were obtained by drawing a thick deal rod, on 
to the end of which I had fixed a resonator, over the Btinace of 
the sand. Sounds produced in this way were heard unmistakably 
for a considerable distance. The patcli averaged 7J yards in 
width, and ran parallel ivith the trend of the shore for some 
hundreds of yards. The sand on the sea side of the patch was 
fine and emitted notes of a high pitch ; that on the land side was 
coarse and emitted notes of a lower pitch. The rod drawn across 
the patch, therefore, gave a great variety of pitch." In investi- 
gating the conditions for sounding, he found that the chief one 
was that the sand should consist of eijual clean roundeil grains of 
quartz, and he even succeeded in making a hitherto silent sand 
musical by carefully sifting out round grains of ciiual size and 
boiling them in dilute hydrochloric acid to cleanse tlieir surfaces. 
Sands which were at first umsical became silent if often struck, 
probably through clogging with the abraded particles. Mr. 
Wilson has found that the musical quality may be sometimes 
restored by sifting, washing, and boiling. He has observed that 
the most musical notes are obtained when the sand struck is con- 
tained in a vessel with hard polished sides, such as a teacup. A 
rough interior renders most sands mute. An important paper by 
Prnf. Osborne Reynolds, "On the dilatancy of media composed 
of rigid particles in contact,"* may give the key to the explana- 
tion of th^e phenomena, which is possibly to be found in the 
fact that there is an arrangement of minimum volume for a 
number of equal spheres in contact. We may suppose the saud 
to consist of equal spheres, arranged, when undisturbed, so as to 
occupy minimum volume. When disturbed the mass may pass 
through many successive minima of volume before coming to rest, 
and if we can suppose that the time occupied in passing from one 
minimum to the next is constant, a musical note should issue. 
The smoothness of the containing vessel should enable the outer 
layer of particles more easily to change their position, and so 
more easily to assume successive miuinium volume arrangements. 

Probably the squeaking of frozen and powdery snow, wbeo 
trodden on, is to be classed with the sounds ootainea from sand. 



> NiUiire, roL iliv, 1891, p. 3 



• PhU. Mmj., »!. p. li 



CHAPTER X. 
THE SUPERPOSITION OP WAVES. 

Contents. — Interference of Sound- Waves— Beats — Concord and Discord^ 

Combination Tones. 

Interference of Sound- Waves. — ^When two trains of waves of 
the same length arrive at the same point, their superposition pro- 
duces a disturbance of the frequency of either, and of amplitude 




Fio. 78. — Resultant of two Harmonio Yibratioiia of 
the same frequency but different phases. OM, ON, 
harmonic displacements corresponding to the circular 
motions of OP and OQ ; OR, the vector sum of OP and 
OQ ; OL, the resultant harmonic displacement. 



depending on their relative phases. If the amplitudes are equal 
and the phases the same, the superposition gives a double vibra- 
tion with an average double velocity, and, therefore, with four 
times the energy. If the phases are opposite, then union of the 
trains produces no vibration, and there is silence. With any 
intermediate relation of phases there will be a vibration of inter- 
mediate amplitude. 

The general result of the superposition of vibrations of the same 
frequency may be easily obtained from the trigonometrical expres- 
sion for the sum of the disturbances (see p. 66) ; but the following 
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geometrical mctliod is perhaps preferable, and is of value also 
in the case where the two vibrations have different frequencies. 

I,et OA represent the amplitude of one vibration, OB that of 
the other (Fig. 78). Then, drawing circles on AOA' and BOB' 
as diameters, and allowing radii OP, OQ, to revolve uniformly 
round these circles, the points WN at the feet of the ordinates 
PM and QN may be taken as representing the vibrations. The 
angles POA, QOB, represent the two phases, and I'OQ, which 
is constant, represents the difference of phase. The resultant 
displacement is OM + ON. Now draw PR parallel and equal 
to OQ, and therefore making a constant angle with OP. The 
projection OL of OR on OA equals the sum of the projections 
of OP and PR, or of OP and OQ; i.e. equals OM + ON. Hence, 
making the triangle OPR revolve uniformly round O, the projec- 
tion of R gives the resultant vibration. If the amplitudes of the 
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Fia. 79.— InterfewncB Tnbe. OBC being a longer pafb (rom 
O to M than OAC. P, orgnn.iripe ; M, manuioetrio flune. If 
OBC ii i* loDgor IhiiD OAC, tba flame at M is nearly Btaady, 



components are a and 6 and the difference of phase a, the ampli- 
'e <■ of the resultent is 



c= s/-i"5 + 6" + 2«6 cos a. 

This varies between a + b and a—b, according to the value of a. 

Such superposition of vibrations is termed interference, and 
many illustrations may be given of its occurrence with sound- 
waves. If a Y tube is held with one prong over each of two 
adjacent segments of a vibrating plate, and the third tube is con- 
nected to the ear, comparatively little soimd is heard, since the 
waves coming up the two prongs are in opposite phases. If the 
two are held over the same segment, the phases ai-c the same, and 
the sound is far louder. 

In Fig. 79 is represented another mode of exhibiting inter- 
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ference, M is a tnaiiooietric liaine, to which the soiinH-waves 
from a source, sav an organ-pipe, can be carried by two channels, 
OAC, OBC, The len^ffli of OHC is adjustable, 'ani when it is 

pulled out T, the path diftereiice is =. Tlie waves, therefore, 

jirrive at M in opposite phases and neutralise each other, and the 
flame is nearly steady. With a shorter or longer path diflerence 
the flume is disturiied, and a revolving mirror near M may be 
used to show how it is affected. 

When a tuning-fork on its box is sounded near a wall, the 
diiwt and reflected troin of waves are superposed hi the space in 

front of the wall. If, for a given point, the path difference is 
the two trains nearly neutralise each ot)ier, and the sound is a 
niinimum at that point. If the diffci-ence is or \, they reinforce 
each other, and the sound is a maximum. As the fork is moved 
out from the wall a series of maxima and minima are heard as 
the path difference passes from the vaUie through the values 
g, X, --J- , &c. This may also lie regarded from another point of 
view. The reflected waves uiav be supposed to issue from the 
reflection of the fork in the wall, considered as a mirror. One 
soune is moving towaids the point, the other away from it, and 
the frequencies of the two trains will be altered in opposite ways, 
according to Doppler's principle. Beats will, therefore, occur 
between the two notes. 

Tfie stationary waves formed by the direct and retlectcd trains 
between the source antl the wall may also be regarded as examples 
of interference, the nodes occurring w^herc the path diflerence is 0, 

X, 2X, and the loops or the double motion where it is ;-, ^ ' &c,; 

for now the opposite directions of motion will have the same effect 
as a reversal of phase throughout one train. 

The sensitive flame has been applied in this case by Loi'd 
Rayleigh to measure the wave-lengths of sources of frequency high 
enough to aftect the flame. The- source should be a bird-call or 
very high-pitched whistle of nearly pure tone. If this is blown 
steadily a lew feet in front of a large boaitl, a series of stationary 
ivjLves is formed, with the first notie at the wall. The burner of 
the sensitive flame is then moved to and fro in the line from the 
source perpendicular to the wall, and the flame is least affected at 
the nodes. The average distance between successive ix)sitions of 
least effect is half a wave-length. If a tube connected to the ear 
is used, the points of silence, on the other hand, are at the loops.' 

Other interference experiments have been devised correspond- 
ing to the bi-prism, to the Huygens zones and to the circular disc 
experiments in light.* 

> Phil. Hog., viL 1879, p. 16a. * Bsjleigb'i ^und, iL % 292a. 
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Beats. — If two trains of waves, whk-h differ slightly in fre- 
quency, reach the ear at the same time, we do not usually pere-eive 
tne two tones, but a single tone having the 
weii-known variation in intensity which is de- 
Kcribed as "beating." This is due to the fact 
that at certain equal intervals the trains of 
waves agree in phase and reinforce each other, 
wliile midway between they are opposite in 
phase and tend to neutralise each other. These 
points of maximum and minimum vibration 
travel on with the veloi-ity of the sound to 
the observer and produce the beats. 

Suppose, for instance, that two equal trains 
of frequency, respectively 256 and iiCO, are 
superposed, and that at a certain point they 
agree in phase. At a distance of 64 wa\e- 
lengths of one and 65 of the other they will 
agree again, while midway between they will 
destroy each other. At a distance of 128 and 
130 wave-lengths respectively from the first 
point they will agree again, and midway 
between this and the last point of agreement 
they will destroy each other. The sound takes 
1^ = i sec. to travel the distance between the 
points of agreement, so that every J sec. the 
observer notes a swelling out of the sound, or 
there will be four beats per second. And, gene- 
rally, if the frequencies are vi and m + n, there 
will be n agreements in the train occupying the 
distance traversed by the sound in one second 

n beats. The result of superposing two 
trains with frequencies in the ratio 8:9 is 
shown in Fig. 80, taken from Miitler I'ouillet's 
Physik. 

If the two trains have equal amplitudes a 
and frequencies rn and m + n, the sum of the 
displacements at ft given point may be repre- 
sented by 

a sin 2irml + a sin 2w(m + n)( 

= 'ifl cos ^ sin 2Tr(n. + ")/. 



This may be taken to represent a single tone .^^ 
of fi-equency 'n+^ midway between the fre- 
quencies of the two trains and of amplitude 2a cos ~ -. This 
mplitude varies from 2a through to — 2a, so that the inten- 
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sity goes through its range of values in time t = l/ii or the fre- 
quency of the beats is n. 

This is in agreement with observation. A hearer does not 
perceive the tones separately, but a single tone of varying inten- 
sity midway between the two in frequency. 

The graphical mode of representing two superposed vibrations 
in Fig. 78 also shows at once the number of beats per second. 
For if we suppose that N has greater frequency than M, OQ 
revolves more rapidly than OP. Every time that OQ gains a 
complete revolution on OP (or N a complete vibration on ]VI), 
OPR will be a straight line and L will have a maximum ampli- 
tude. Midway, OQ will have gained half a revolution, and again 




FlQ. 81. — Composition of two unequal Yibrationi of slightly Different 
Periods. The projection of the revolving radius OP represent the lower 
tone, that of PQ the upper. QT is the arc by which PQ gains on OP in 
one revolution of OP. If T is above OS, the resultant vibration time is 
less than that of OP ; if below more. 

OPR will be a straight line, but with R between O and P, and 
L will have a minimum amplitude. Thus, if the frequencies are 
m and m + w, OQ will gain n complete i-e volutions, and there 
will be n beats per second. 

The same mode of construction may be used to explain the 
fact that when two tones of neai-ly the same frequency are sounded 
the pitch of the resultant tone varies, as well as the ampli- 
tude, if the amplitudes of tlie components are unequal} Let 
us consider the case in which the lower tone has the gi-eater 
amplitude. Let OP (Fig. 81), revolving round O, represent the 
vibration of this lower tone in the manner of Fig. 78, and let PQ 

» Hclmholtz, Sematimit of Toiie, 1876, App. XIV. ; Sedley Tavlor, Phil. Mag., 
xliy., 1872, p. 66. 
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repi-esent the higher tone, I'Q being less than t>l*. If OP revolve,-* 
counter clockwise, PQ revolves in the same direction, but ratlier 
faster, moving through the additional angle QPT, say, where QT 
is perpendicular to PQ, in the period of OP. If, then, at the 
beginning of a vibration, when the particle considered has its 
greatest displacement during that vibration, the two radii are in 
the position OP, PQ, when OP has completed its revolution, PQ 
has moved to PT; and OT being the sum of the two, the pro- 
jection of T on OS now gives the vibrating point. But T is 
past OS, or the point has rather moi-e than completed its vibra- 
tion. Hence its period is shortei- and its fi-equency is greater 
than that of OP. 

Similarly, when the two radii are in tlie position OR, RS, the 
frequency is again greater than that of OP, since SV = QT is on 
the upper side of OS. 

When, however, the second radius is in eitlier of the positions 
PQ' or Its', the frequency is less than that of OP ; for, tailing the 
first of these positions, by the time that OP kas moved once 
i-ound, PQ' has moved once round and through the additional 
angle Q'PT, and the projection of "V now gives the vthruting 
point. But f is below OS, i.e. Uie point has not yet completed 
its vibration and the frequency is less than that of OP. Similarlv 
with OKS'. 

Returning to the first case, that of OPQ, we can easily see, by 
considering Q (i.ted and QP and PO revolving, that the frequency 
is less than that of QP. 

Now the positions of OPQ, OltS, correspond to lai-ger ampli- 
tudes, while the positions OPQ', ORS', correspond to smaller 
amplitudes. Hence, wliile the sound is louder, the tone lies 
between the two components, and while it is fainter the tone 
lies outside the lower, that is, is flatter than either. 

It is not difficult to show that in the case of equal amplitudes 
the angle subtended by QT at is always the same, so tlrnt the 
frequency is always the same and the mean of the two frequencies. 
Perhaps it is sufficient to note that if I'e firet supjrase the system 
to revolve round O and then round Q in Fig. 81, the angle 
of advance represented by QT in the one case will be equal to the 
angle of retardation in the other, so that the period must be 
midway between those of the constituents. 

Concord and Discord.— When two pure tones are sounded 
together, and the pitch of one is gradually altered from unison 
with the other, the tieats, of course, gradually become more 
frequent. At first they are not necessarily disagreeable. Indeed, 
in the organ-stop voix celeste they are purposely made by having 
two pipes slightly out of unison to each key. But as the interval 
between the two tones increases, the beat becomes more like a rattle 
or a jar, and the sound jji-oduces a disagi-eeable sensation. Even 
after the beats become too rapid to be separately perceptible, we are 
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conscious of a roughness in the sound. This roughness we term 
discord or dissonance, and there is no doubt that it is the sensation 
corresponding to the rapid intermission which, when slower, we term 
beating. As the intei*val is still further increased there is a point 
of maximum roughness ; after that, the dissonance diminishes, and 
finally ceases. Suppose, for example, that the two tones are, to 
begin with, (f'=512. As we lower one, the roughness increases 
till the lower tone is about 6' = 480, making 32 beats per second 
with c'\ and at an interval of a semitone with it. Beyond this 
the roughness diminishes, and about a' = 426§, say 427, making 
85 beats per second with c'' and at an interval of a minor third, 
it finally ceases. But neither the interval nor the number of beats 
for maximum or limiting dissonance is constant ; for, as we rise in 
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Fio. 82. — Diagram illustratinp: the decrease of interral, but increase of beats for 
mazimura dissonance as the pitch rises ; ordinates, number of boats, abacissse, 
positions of the higher of the two tones on the scale. 



the scale, the number of beats increases, but not in proportion to 
the frequency, so that the interval diminishes. Fig. 82 is intended 
to exhibit this fact, the black lines showing constant intervals, 
while the dotted lines show the general nature of the intervals of 
maximum dissonance and limit of dissonance, without any pretence 
to exactness. A number of beats which may be very harsh between 
two high notes may hardly annoy us between two low notes. On 
the other hand, an interval whicn annoys us between two low notes 
ceases to be harsh between two high notes. The closing in of the 
interval of dissonance as the pitch rises probably accounts for the 
fact that it is easier to time high notes. 

Beats Between Harmonics or Overtones. — Undoubtedly 
dissonance occurs between notes played on ordinary instruments 
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at an interval far beyond that which we have just accepted as the 
limiting interval, and averaging about a minor third. But we 
)iave supposed the notes pure tones, whereas almost all musical nates 
are really compound, with a number of overtones, usually of the 
harmonic series. Even when the two fiUMlanientals are far beyond 
the dissonance range, some of their partials may come within that 
range and give rise to perceptible roughness. 

Indeed, were all t)n: overtones of the harmonic series present to 
a high order aud all in equal strength, a single note would be dis- 
cordant through beats between its own harmonics. 

Putting down the frequencies of the harmonics and the intervals 
between successive pairs, as in the table below, it is evident that 
after the sixth the mtervals are less than a minor third, and there- 
fore the tones will beat with disagreeable frequency. Instruments 
are usually so constructed and excited that the higher partials are 
very weak or altogether absent. The effect of their presence may 
be realised by plucking a piano-string near one end, when the 
higher harmonics are prominent and the note is disagreeably rough. 



Numbar of HirmoDic 
nnd Tnmmcy RalntiTB to the 


Intorr.il between SoccBRsi 


ePsin. 


1 
2 
3 
i 
6 
6 


Octave. 




Fifth. 




Fourth. 




Major Thirf. 




Minor Third. 





In briefly discussing some of the musical intervals, we shall 
stop short at the sixth harmonic, assuming that the higher ones 
are too weak to produce any noticeable effect, but that all are 
present up to the sixth. 

Beginning with the octave, let us represent the two funda- 
mentals by minims and their harmonics by crotchets as in Fig. Hii. 
The upper note introduces no fresh overtones, and onlv changes 
the relative intensity of those already present in the lower. 
Hence, probably, the sense of rejjctition which we have with 
regai-d to the (wtave. Hence, also, its smoothness when exactly 
in tune. But if slightly out of tune there will be beatmg all 
along the series, and so the ear requires, and easily judges of, 
verv accurate tuning. 

Taking next the flfth (Fig. 84), ouly the thin! harmonic of the 
higher is not included in those of the lower note, but this being 
within dissonance range of the fourth and fifth of the lower, there 
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is some roughness about the interval. If the interval is slightlv 
out of tune, the second and fourth harmonics of the upper will 
beat with the third and sixth of the lower, and with some in- 
tensity, as the second and third harmonics are usually prominent. 
At the same time the upper third harmonic is brought nearer to 
the lower fifth, and so the dissonance is increased. Hence the 
fifth is an interval which is not when in tune so smooth as the 
octave, and easily becomes very rough when slightly out of tune. 

The fourth, the major third, and the major sixth are repre- 
sented in Fig. 85 with details of their dissonance and the modes of 
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Fig. 83. — Octave with the Harmonica. 

▲n the tones of the apper note already exist 
in the lower. Tuning secured by dis- 
appearance of beats in all these ooia- 
eidences. 
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Fio. 84.— Fifth with the Harmonioa, 

The third of the upper note is not In the 
lower, and beats with the fourth and fifth 
of the lower, giving some roughness. Tun- 
ing secured by dissppearauce of beats 
between the upper second and lower third. 

tuning. Since the partials usually decrease in intensity as their 
order rises, it is evidently easier to tune the fifth than the fourth, 
and the fourth than the third or sixth. 

Of course the nature of the instrument greatly affects the 
concords. For example, with stopped pipes the even harmonics 
are absent, and the interval of a fourth consequently gains in 
smoothness. 

We have here only briefly indicated the principles of this 
physical aspect of concord and discord. For a full discussion 
of the subject the reader is refeiTed to Helmholtz's great work. 



COMBINATION TONES. 



15. 



Sautalinm of Tone. A very good account will be found in Sedley 
Taylor's Sound atid Afusk. 

OombinatiOQ ToneB. — When two notes, each .leparately pure 
and free from overtones, such as those given by forks over reson- 
ance cavities, are sounded together, dissonance still occurs at quite 
wide intervals. Thus an octave of two separately pui-e tones is 
sensibly rougli if loud enough and out of tune, and even beats may 
be heard as the tuning approaches exactness. The explanation is 
to be sought in the existence of Combination Tones, or tones exist- 
ing in neither note separately, and only arising when they are 
sounded together. The most easily recognised combination tone 
is one liaving a frequency equal to the difference of the frequency 
of the two original tones or primaries. It may be heard when two 
organ-pipes or flageolets are blown hard close to t!ie listener, 
eapeciallv if his attention is previously directed to the pitch of the 




Fit). 85.— iDtsmltof Fourtb, Major lliinl and Mnjur Slxtli. 



tone he is to listen for. It is very noticeable, too, when a double 
whistle is blown or when two gongs are struck near together. 
Tlie fact that the frequency of this tone is equal to the frequency 
of the beats formerly led to the supposition tliat the heats them- 
selves merge into a musical tone. Thus Young ' says : " When 
the beats of two sounds are too frequent to be heanl as distinct 
augmentations of their force, they have the same ertect as any 
other impulses which reciu' in regular succession and produce a 
regular note which has lieen denominated a grave harmonic." 
Now, a tone is ordinarily due to a succession of waves, such that 
the air in the fii-st half of each wave is displaced forwards and the 
pressure is in excess of the normal, while in the second half the 
air is displaced backwaixls and the pressure is in defect. But 
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each half of a beat consists of a number of alternations of dis- 
placement of the air and excesses and defects of pressure, and in 
each half of the beat the mean displacement of the air is zero 
and the mean pressure normal. There is no reason to suppose 
that mere loudness produces a pressure of the drum of the ear 
inwards, while faintness allows a relaxation and i-etum outwards ; 
suppositions which would appear to be necessary if beats are to 
produce in the ear a tone of their own frequency. 

An entirely different explanation of this and other combination 
tones, requiring no such supposition with regard to beats, has been 
given by Helmholtz. 

This explanation depends on the fact that, with an unsym- 
metrical membrane, such as the drum of the ear, or with a limited 
air cavity subject to large vibrations, the restoring force is not 
proportional to the displacement. As we shall snow below, it 
results that a simple harmonic force acting on the membrane or 
on the cavity will produce not merely a simple harmonic vibration 
of its own frequency, but a series of harmonic vibrations giving 
rise to overtones, which we may term Self-Combination Tones. 
When two harmonic forces of different frequencies act on the 
membrane or cavity, they produce vibi*ations having frequencies 
equal to the differences of frequencies of the original vibrations or 
their harmonics. These give rise to Difference Combination Tones, 
the first of which we have already described. There are also 
vibrations having ft^uencies equal to the sums of frequencies 
of the original vibrations or their harmonics. These give rise to 
Summation Combination Tones. The first summation tone may be 
heard with the harmonium, but not easily with other musical 
instruments. 

Two pure tones, therefore, of frequencies m and 7i, entering the 
ear, may give rise to any or all of the following tones : — 



m, n 

2m, 2n . 


primaries ; 
. self-combination tones ; 


m-n 


. first difference tone ; 


m + n 


first summation tone ; 


2m - n 


. summation tone of first difference 


m - 2ii 


and one primary ; 
. difference tone of first difference 




and the other primary ; 



and so on, the various upper tones evidently being obtainable in 
different ways. The lower combination tones are the most im- 
portant, but they all rise in importance as the original vibrations 
increase, and more than in proportion ; for with the increase in 
amplitude of the vibration of the tympanum, the part of the 
restoring force not proportional to the amplitude comes more and 
more into prominence. 

It is easily shown that these tones are usually formed in the 
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uar of the percipient, and have no appi-eciable exteruul exiateace, 
hy usiug resonators. Did a given couibiiiation tone exist outside, 
an appropriate resonator held to the ear should reinforce it ; but 
it is found that the resonator does not, in general, augment the 
sound. 

In certain instrumeuts, however, sucli as the harmonium, or 
siren as tised by HelmholtiE, the sound-waves issue immediately on 
their production from or into a confined air space, where the 
vibrations are so great that the restoring force is no longer pro- 
jwrtional to the displacement, and combination tones result having 
an existence in the external air. These are more easily heard hy 
the aid of resonators. 

Rijcker antl Edser ' have made an experiment directly proving 
the existence of combination tones in the air, the ear not being 
used at all. I'he sound from a double siren was directed on to 
a fork of fre(]ucncy 64, the fork carrying on one prong a mirror 
forming part of a Michelson interferometer. Wlien two notes 
were simultaneously sounded which should have a combination 
tone of fi-equency 64, the interference bands disappeared, but re- 
apjieared when the frequency was slightly different, thus showing 
that the fork was thrown into vibration by resonance to external 
vibration of its own frequency. 

Even in free air combination tones are doubtless pi-oduced, 
since the force is not exactly proportional to tlie displacement, 
but they are quite negligibly small, and need not be takeii into 
account. 

To illustrate the effect of combination tones on consonance, it 
will be sufficient here to take the single case of the octave. For 
a fuller discussion we refer the reader to Sensations of Tofie or 
S. Taylor's Sound and Musk. Suppose that we have c' = !356 
and c' =612 sounding together. The first difference tone is 256 
merging with one of the primaries. The fii-st summation tone is 
768, the third harmonic of the lower ; and all the other combina- 
tion tones will fall into the liarnionic series. If the second primary 
is out of tune, flat, say, by 32 vibrations, the beating of tlie 
primaries is SS4, being outside the dissonance range. But the 
first difference tone has frequency 224, equal to that of the beats, 
and so conies within dissonance range of the lower primary and a 
roughness is perceived. 

Geaeral mechanical Explanation of Combination Tones.^— 
Let us take the case of two i-eeds of frequencies wi and n, inounteil 
on a limited air-box and blown by air having an average excess of 
pressure P. First, suppose that one reed alone is vibrating «itli 
amplitude a and that the pressure excess is constant, then we may 
represent the issuing disturbance hy — 



Va 



' Souatiam of ToM. 1875, App. XVI. 
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taking it €ts proportional to the pressure excess and to the ampli- 
tude of the reed. But the mere {act that the reed is vibrating 
affects the pressure excess with a periodicity, and we may, at any 
rate with nearer exactness, represent it by — 

F{1 +b sin (2irmt + €)}. 
The issuing vibration is, therefore, to be taken as 

Fa sin 2'jnnt{l + h sin (2wmt + e)} 

p i 
= Pfl sin 27nnt ^t-cos (^iimU + e), 

Fab cos 6 

The octave is present, therefore, as well as the fundamental tone. 

Correcting the pressure by introducing a term corresponding to 
this octave, we should obtain the next harmonic, and so on, giving 
the series which we have called self-combination tones. 

Suppose now that the second reed is sounding at the same time. 
Neglecting the variation in the pressure due to the first reed, we 
may put tnat due to the second as — 

P{l + c sin (27171/ + 17)}. 

The issuing vibration will therefore be 

Pa sin 2Trmt{ 1 + c sin (27m/ + 77)} 

Fac 
■= Pfl sin 27rm/ + — cos {27r(m - n)t + 77}, 

^ cos{27r(wi + n)t + 77}, 

which gives the first difference and first summation tones. Re- 
correcting the pressure for these tones, we should obtain tones of 
the second order, and so on. 

This investigation, of course, does not pretend to completeness, 
but it serves to give a correct general idea of the mode in which 
the combination tones are produced. 

We may also give a rough general account of their production 
in the ear. Let us suppose that a single powerful tone recu^hes 
the ear. We may regard the alternations of pressure which it 
produces against the drum as giving a strictly harmonic force. 
Now if the vibration of the drum were also strictly harmonic, the 
total force, external pressure + internal restoring force, must also 
be harmonic. Since the external pressure is harmonic, this would 
imply that the internal restoring force is harmonic, and therefore 
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proportional to the displacement. But the want of symmetry of 
the drum and its mode of attachment to the ossicles renders this 
impossible. In other words, the displacement due to a simple 
harmonic external force cannot itself be a simple harmonic. In 
fact, a term in the force proportional to the square of the displace- 
ment becomes more important as the displacement increases, and 
probably this tends to flatten the curve in the time-displacement 
diagram. The displacement curve, though not simply harmonic, 
is nevertheless truly periodic in the time of the external vibration, 
and may therefore, by Fourier'^s theorem, be resolved into a series 
of strictly simple harmonics, having periods once, twice, thrice, 
&c., the period of the fundamental. Thus we get the self-combina- 
tion tones. The first of these, the octave, is sometimes heard 
when a tuning-fork, very sharply struck, is held over a cavity so 
as to give a very loud note. 

When two notes reach the ear, since the eliisticity or the 
restoring force per unit displacement is not constant, but varies 
with the displacement, each note has, as it were, to make use of 
an elasticity rendered periodic by the othey note ; and so we may 
expect to find an efiect similar to that with two reeds, where each 
is blown by a pressure rendered periodic by the other. That is, 
we may expect to find summation and difierence combination tones 
in addition to the self-combination tones. 

Our knowledge of the physical concomitants of concord and 
discord, of which this chapter contains a very brief account, is 
almost entirely due to Helmholtz. His conclusions are now almost 
universally accepted, and even the experimental evidence urged 
against them seems, on further examination, only more fully to 
confirm them. 
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Vibrations, analysis of, 63-79 ; com- 
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